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Abstract. In this paper, we present a uniqueness result for solutions to the Gross-Pitaevskii 
hierarchy on the three-dimensional torus, under the assumption of an a priori spacetime bound. 
We show that this a priori bound is satisfied for factorized solutions to the hierarchy which come 
from solutions of the nonlinear Schrodinger equation. In this way, we obtain a periodic analogue 
of the uniqueness result on previously proved by Klainerman and Machedon |56l . except that, 
in the periodic setting, we need to assume additional regularity. In particular, we need to work in 
the Sobolev class H°' for q > 1. By constructing a specific counterexample, we show that, on T'^, 
the existing techniques don't apply in the endpoint case a = 1. This is in contrast to the known 
results in the non-periodic setting, where the these techniques is known to hold for all o > 1. 

In our analysis, we give a detailed study of the crucial spacetime estimate associated to the free 
evolution operator. In this step of the proof, our methods rely on lattice point counting techniques 
based on the concept of the determinant of a lattice. This method allows us to obtain improved 
bounds on the number of lattice points which lie in the intersection of a plane and a set of radius 
i?, depending on the number-theoretic properties of the normal vector to the plane. We are hence 
able to obtain a sharp range of admissible Sobolev exponents for which the spacetime estimate 
holds. 



1. Introduction 

1.1. Setup of the problem. Let us fix A = M'* or A = T''. We are considering the Gross-Pitaevskii 
hierarchy, which is a sequence of functions 7^*"'' : M x A*^ x A*"' — > C satisfying the following symmetry 



properties for all t e 
(1) 



|7W(i,a;fe;f;,)=7W(t,4;f,) 

|7('=)(i,x„(i),...,x^(fc);a;^(^^,...,a;^(j.j) = 7''=) (i, xi, . . . , Xfe; a;i, . . . , x'^.) V cr € S'fc. 
which solve the following infinite system of linear equations: 



(2) 



Here, 60 G K is a coupling constant and Aj^. :— X]^=i , A^j^ ^'j=i ■ 

In order to define the collision operator Bj ^+i, we let Tri denote the trace in the xi variable. 
For fc € N and for j G {1, . . . , fc}, we define: 

(3) Bj,fc+i(7^''+^^)(ffc;4) := Trk+i[S{xj - Xfe+i), 7^''+^^] (xfc; 4) 

dxk+i(6{xj - Xk+i) - 6{x'j - Xk+i)^"/o''^^\xk,Xk+i;x'k,Xk+i). 
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In the above definition, we note that we are identifying operators on A'^^^ with their kernels. For 
j, k as above, we also define the operators B^^^^-^ and BJ^^-^: 

J A 

(5) 5j~fc+i(7o''^^^)(^fc;4) := / dxk+iS{x'j - Xk+l)lQ''^^\xk,Xk+l;x'|,,Xk+l)■ 

JA 

By construction: 

A special case of ([2|) which we will study is the Gross-Pitaevskii hierarchy with zero initial data: 



(7) 



7('^|t=o-0. 



In this paper, we will restrict our attention to the defocusing Gross-Pitaevskii hierarchy, in which 
the coupling constant bo is positive. For simplicity of notation, we will set 6o — 1- 

Remark 1.1. The functions 7q'^'' : A*^' x A*^' — !■ C are called k-particle density matrices. We will also 
assume, without explicit mention, that all of the k-particle density matrices in this paper satisfy the 
symmetry conditions ([T}. 

1.2. Statement of main result. The study of the Gross-Pitaevskii equation ([3]) makes both math- 
ematical and physical sense for the spatial domain A = and A = T''. We will elaborate more 
on the physical interpretation in the following subsection. Throughout this paper, we will fix the 
spatial domain to be A := T^. 

We suppose that we are working in the class A of sequences r(^) — {'J^'^^t)), where each 7'^'"'^ : 
M X A'^ X A*^ — > C satisfies ([T]), and such that there exist continuous, positive functions cr, / : M — > R 
with the property that for all k £ N, j = I, . . . , k, t E M.: 

(8) r'^^'^ |i5('='")%fc+i(7('-+^))(s)|U2(A.,A.)ds < 

Jt-cr{t) 

The differentiation operator 5*^'^'"-' is defined in (|23)) below. Our main result is: 

Theorem 1.2. Suppose that T{t) — {j^'^^tj) is a solution to the homogeneous Gross-Pitaevskii 
hierarchy ^ which belongs to the class A for a > 1. Then, T{t) is identically zero. In particular, 
solutions to the Gross-Pitaevskii hierarchy Q are unique in the class A whenever a > I. 



In order to deduce the second part of the statement of Theorem 11.21 from the first one, we use 
the fact that the Gross-Pitaevskii hierarchy is linear, and the observation that the class A is closed 
under taking differences. The latter claim follows from the triangle inequality, and the fact that 
f^+\t) + ft'(t) < if.it) + f,{t))^+\ 

The following result shows that the class A is non-empty, and that it contains the physically 
relevant factorized solutions of the Gross-Pitaevskii hierarchy. 

Suppose that solves the cubic nonlinear Schrodinger equation on A: 



(9) 




A(j) = on Mt X A 

■0, on A. 



Let |-)(-| denote the Dirac bracket, which is defined as \ f){g\{x,x') :— f{x)g(x'). Then, 

fe 

(10) 7^'Hi,a;fc;4) ■■^X{cl}{t,x,)W^) ^ \4>){<l>\''\t,Xk-,x-'k) 



UNIQUENESS OF SOLUTIONS TO THE PERIODIC 3D GP HIERARCHY 



3 



solves the Gross-Pitaevskii hierarchy with initial data 7q — |0o) (0o|'^'^- These are defined to be 
the factorized solutions. 

Theorem 1.3. The factorized solution T{t) ~ {\(j>) (t)) belongs to the class A for a> 1. 

From Theoreni ll.3[ it follows that, for a > 1, the class A is nonempty, and that it contains the 
physically relevant factorized solutions. 

Remark 1.4. The methods that we will present don't apply to the endpoint case a — 1. This is 
in sharp contrast to the work by Klainerman and Machedon on R'^ I56j . in which the authors show 
that uniqueness holds for a > 1. The case a — 1 is important since it corresponds to the level 
of regularity of the Hamiltonian. In Subsection \3.Ji\ we give a detailed explanation why none of 
the existing techniques apply to the problem of uniqueness in the endpoint case when the spatial 
domain is T^. In particular, in Proposition \373[ we obtain that the key spacetime estimate for the 
free evolution doesn't hold when a — 1. Heuristically, the fact that the presented method holds for a 
smaller range of exponents in the case of is a manifestation of the fact that dispersion is weaker 
on periodic domains. It is an interesting open problem to obtain uniqueness when a = 1 on . 

Remark 1.5. The a priori bound ([8]) corresponds to the bound on R'^ used in the work of Klainerman 
and Machedon 56 . In j56) . the upper bound is proved for a = 1 and for the function f independent 
oft. The latter fact uses conservation of energy for the nonlinear Schro dinger equation, which gives 
an a priori bound on the norm of the solution. There is no such known conservation law which 
would give a uniform bound on the H" norm of the solution when a = 1+. 

Remark 1.6. A different non-empty class of local-in-time solutions to the Gross-Pitaevskii hierar- 
chy ([2]) can be constructed by using the methods of T. Chen and Pavlovic |15| . The authors study 
the Gross-Pitaevskii hierarchy on , but their analysis can be applied on T*^ without any changes, 
assuming that one can prove a spacetime estimate on the free evolution as is given by Proposition 
\3.1\ In the authors' notation, given a > 0,^ G (O?!); ^^^^^ ^ = (c'''^''); o, sequence of k -particle 
density matrices as above, one defines the norm: 

^ k=l 

where: 

:-||5('=^")aW|U.(A.xA'=). 
Let us assume that Tq G 'H'^ for a > 1. By using the methods of 15 , it can be shown that there 
exists rj > sufficiently small, such that for ^' G (0, ry^), there exists T ^ (C')^ '^"'^ solution 
r G L'^rp-^'H^, of ^ on the time interval [0,r]. Furthermore, this solution satisfies the a priori 
estimate: 

(11) I|5(''"^%fe+17''+'^I|L^([0,T]XA^XA'=) < C 

for some C > 0, and for all fc G N, and j G {l,2,...,fc}, which is exactly the bound from [56 . 
One can now use the proof of our Theorem \1.2\ to deduce the uniqueness of solutions to the Gross- 
Pitaevskii hierarchy on [0, T\ in the class B given by the condition pip . This class is non-empty 
by the above arguments. The only condition one needs is that a > 1. In this way, one can use 
Proposition \3.1\. which is crucial both in the proof of the existence and uniqueness of local-in-time 
solutions in B. We omit the details. 

1.3. Motivation for the problem and previously known results. 

1.3.1. Link between the Gross-Pitaevskii hierarchy and the BBGKY hierarchy. The Gross-Pitaevskii 
hierarchy is related to the BBGKY hierarchy: 

(12) zaa^,'' + (A^,-A,-,)7^-^- 
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Here, > A: is a positive integer, /3 > is a scaling factor, 1/ : A R is a potential, and 
7j^'' : K X A'' X A'' — > C, satisfies the symmetry assumptions in ([1]). 

(k) 

If /? > 0, and if we formally let A'' — oo, we would expect the limiting object 700 to solve 
the Gross-Pitaevskii hierarchy ^ with coupling constant depending on V ^ since N'^^V{N^ {■)) is a 
rescaling of the delta function. In the mean field case jS — 0, there is no such rescaling present, and 

(k) 

we formally expect the limiting object 700 to solve the Hartree hierarchy: 



(13) 



tda^'^^ + (Aj, - Aj, )7(^-) - E -=1 hk+ih^"^'^) 



where the collision operator is now defined by: 

k 

Bj,k+iilo'''^^'')ixk;x'^^) ■■=^Trk+i V{xj -Xk+i),^^''^^'' (xfe;4). 



The BBGKY hierarchy comes up naturally when one wants to describe the iV-boson system on 
L^(A^), the subspace of the Hilbert space L^(A^) consisting of permutation symmetric functions, 
on which one defines the Hamiltonian: 

N N 

= Y^i-A,^) + - E N'^^ViN^ix, - X,)). 
for some fixed /3 > 0. The A^-body Schrodinger equation corresponding to is: 

Then, the associated fc-particle density matrices 7!^^ := Jj^N-k dyN-kil^N,t{xk,yN-k)'>}^N,t{^'k^yN-k) = 
2^^fc+i,...,jv|'0A'',t)('0iv.t|(2^fej 2;'j,) are non-negative trace class operators which solve the BBGKY hier- 
archy. 

This setup provides us with a method to rigorously derive NLS-type equations from the iV-body 
Schrodinger equation in the appropriate limit as — ?> 00. More precisely, if one starts with initial 
data V'JV,o ~ ^o"^ fo^' some (j)^ in a way which will be made precise later, the goal is to show that 

(14) Tr -i^l^l - |</))(0|^'= ^0, as AT ^ 00 

where </> is the solution of ([9]) when /? > and where solves the Hartree equation: 

\idt(j) + A(j)=(y* I0P) 0, on Rf X A 



(15) 



|t=o = 00, on A. 



when (3 — Q. Here Tr\A\ :— X^asSpCA) I'^I trace norm. 

The strategy for this derivation consists of two parts: 

(1) limN^ao^N ^ converges to a solution of the appropriate hierarchy with initial data |0o) ((/)o|®'^. 

(2) Solutions of this hierarchy are unique in a class which contains the limiting objects. 

1.3.2. Physical interpretation and previously known results: Both the Gross-Pitaevskii hierarchy and 
the Hartree hierarchy arise in the study of Bose-Einstein condensation. This is a state of matter 
of dilute bosonic gases confined by an external potential at a temperature near absolute zero. At 
such a low temperature, the gas particles tend to occupy a single one-particle state, even after an 
external trap is turned off. In our previous framework, this state corresponds to the solution of the 
nonlinear Schrodinger equation in ([9|) when /3 > 0, and to the solution of the Hartree equation (fT5|) 
when (3 = 0. In this context, the cubic nonlinear Schrodinger equation is also called the Gross- 
Pitaevskii equation after the work of Gross |46j and Pitaevskii [67] . This phenomenon was predicted 
by Bose and Einstein in 1924-1925 [HI US]- The theory was experimentally verified in the work of 
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the physicists Corneh, Wieman [3] , and Ketterle [55] , who were given the Nobel Prize in Physics in 
2001 for their discovery. 

The problem of rigorously deriving NLS-type equations from iV-body Schroodinger dynamics 
had been studied since the 1970s, the first results being those of Hepp [49], and of Ginibre and 
Velo [SI |42] . The techniques used in these papers are different than the ones outlined above and 
are based on embedding the TV-body Schrodinger equation into the second quantized Fock-space 
representation, as well as on the use of coherent states as initial data. The Fock space representation 
turns out to be necessary since coherent states don't need to have a fixed number of particles. 
Another approach, differing from the previously mentioned strategy has been applied in the work 
of Benedikter, de Oliveira, Schlein [7], Frohlich, Grafh, Schwarz [35], and Frohlich, Knowles, Pizzo 

m- 

The first application of the strategy outlined earlier was due to Spohn [71]. In this work, the 
author gives a rigorous derivation of the Hartree equation: idtu + Au = {V * u on R'' with 
V G L°°{U.'^). In further work, Erdos and Yau [36^ extend Spohn's result to the case of the Coulomb 
potential V{x) = ijiy on R'^, by the use of operator inequalities. Some partial results in this 
direction were also proved by Bardos, Golse, and Mauser An alternative proof of the result with 
Coulomb potential was given in the work of Frohlich, Knowles, and Schwarz |40j . Furthermore, in 
|30) . Elgart and Schlein consider the case of a Coulomb potential, but with relativistic dispersion 
^^■^j^(l — Aj)^ and they derive a relativistic nonlinear Hartree equation. All of the aforementioned 
results deal with the mean-field case /3 = and with factorized initial data ipN = 0^^. 

In the case /3 > 0, due to the stronger interaction in between the particles, it turns out to be 
better to replace the assumption of pure factorization of the initial data with the weaker assumption 
of complete Bose-Einstein condensation. This assumption states that there exists £ ^^(A) such 
that: 

Tr\^^j^^ -\cl,){<j>\\^0 

as TV — ?> oo. The assumption of complete Bose-Einstein condensation is in general difficult to verify. 
When A = and when 13 = 1, Lieb, Seiringer, and Yngvason [Ml add an external confining 
potential Vext in and study the ground state energy of Hn divided by the number of particles 
N. In their work, they show that this ground state energy converges to the minimum over ||0||l2 = 1 
of the Gross-Pitaevskii energy: £qp{(I)) := J (|V0(x)p + Vext{x)\4'{x)\'^ +47rao|0(a;)|'*) dx, where ap 
equals the scattering length of the interaction potential V . Here, V is assumed to be positive, radial, 
and rapidly decreasing. In later work, Lieb and Seiringer |62| use these results to rigorously verify 
the condition of Bose-Einstein condensation in the stationary problem. A systematic expository 
summary of these results can be found in |63 . 

In a series of monumental works, Erdos, Schlein, and Yau [ST] |32j |33l [SH [35] give a rigorous 
derivation of the defocusing cubic NLS on M"^. For the initial data, they need to assume complete 
Bose-Einstein condensation, as well as finite energy per particle, i.e. 

{'4>n,Hn^n) < CN. 

The interaction potential is again assumed to be sufficiently regular. The coupling constant is given 
by &o = / dxV when < /3 < 1. Due to the short scale correlation structure, in the case of the 
Bose-Einstein scaling /3 = 1, the coupling constant is determined by the scattering length of V . In 
the uniqueness step of the strategy, the authors use a Feynman graph expansion in order to control 
the terms which come from the Duhamel iteration. The same problem was also studied in the 
one-dimensional case in the work of Adami, Bardos, Golse, and Teta [T], as well as Adami, Golse, 
and Teta [5]. For an expository account of these results, we refer the reader to [69) . 

A different approach to the question of uniqueness was given in the work of Klainerman and 
Machedon |56| . The authors use an alternative combinatorial argument which shows uniqueness 
under the assumption of an a priori spacetime bound. In the proof, they also have to use Strichartz- 
type estimates reminiscent of their earlier work [55] . In subsequent work, Kirkpatrick, Schlein, and 
Staffilani [S3] verify that the above spacetime bound holds for the limiting objects when A = R^ and 
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when A = T^. This work is the first treatment of a periodic problem. For a difi^erent treatment of 
the derivation of the cubic NLS on coming from 3D quantum dynamics, we also refer the reader 
to the work of X. Chen and Holmer j23]. 

In very recent work of T. Chen and Pavlovic [18 , the spacetime bound has also been verified 
in the case of A = under a slightly different limiting procedure. More precisely, the authors 
assume that the initial data is slightly more regular than in iJ^, but not necessarily asymptotically 
factorized. By an appropriate truncation in the number of particles, they are able to show that the 
limiting object solves the Gross-Pitaevskii hierarchy and satisfies the wanted spacetime bound. 

The latter paper is based on techniques developed by T. Chen and Pavlovic to study the Cauchy 
problem associated to the GP-hierarchy on M'', d > 1 [HI ISl [HI [H] . In addition, in joint work with 
Tzirakis [161 117] , they have shown blow-up results for the Cauchy problem, as well as the existence 
of multilinear Morawetz identities. A different approach to the study of the Cauchy problem of the 
Gross-Pitaevskii hierarchy in several special cases was given in the work of Z. Chen and C. Liu I24| . 
We further note that, in this context, a rigorous derivation of the nonlinear Schrodinger equation 
with anisotropic switchable quadratic traps has been shown by X. Chen [21] [22] . 

It is a natural question to ask what is the rate of convergence in ([T4|) . This question was first 
addressed by Rodnianski and Schlein [68]. The authors show that, in the case of the Coulomb 
interaction potential on M^, one has the bound: 

Kt 

Tr\^'-N\-\mr\<c'--r- 

This result was extended in the work of Knowles and Pickl [57] . Further results in this direction are 
due to Benedikter, de Oliveira and Schlein [7], X. Chen [19l[20], Grillakis, Machedon, and Margetis 
[mill], and Grillakis and Margetis [43] . 

1.4. Main ideas of the proof. In order to prove Theorem 1 1.21 we first write an iterated Duhamel 
expansion. We then apply the combinatorial hoard-game approach from [56] . The combinatorial 
reductions in the non-periodic setting apply in the periodic setting without any change. 

The main issue is to check two properties. The first is the spacetime estimate, given by Proposition 
13.11 which allows us to contract the terms appearing in the Duhamel expansion. The second property 
one has to check is that, under appropriate assumptions, the factorized solutions to the Gross- 
Pitaevskii hierarchy, given by (|10p . lie in the admissible class A, defined by the a priori bound ([S]). 
Hence, the class A is non-empty and it contains the physically relevant solutions which are related 
to the nonlinear Schrodinger equation. The precise statement is given in Theorem 11.31 As we will 
see, the fact that we are in the periodic setting will cause additional difficulties in checking both 
properties. 

The spacetime bound wc prove is: 

(16) ||^('=^"'i?,,fe+iZ^('^+^)(i)7^'^'^IU2([o,2.]xA'=xA^) < Ci||^('=+i^")7^'+'^IIl2(a^+ixA'^-h-i). 
whenever a > 1. ^ 

Here, U'^'''' [t)^'^^ := e** ^j=i '^^j 7g'"''e ^j=i denotes the free evolution operator, and 5*^'^'"-' :— 

W^j^i — ^ — ^x'^ ' denotes the operation of differentiation of order a. This spacetime 

bound is proved in Proposition 13. 11 

In proof of the estimate (|T6]) . In each approach, we argue as in [56], and we observe that the 
left-hand side of ()16|) is given in terms of a convolution. The key is then to check uniform pointwise 
bounds on the multiplier: 

/^/(r,p),. V ^fr + IP-"-H' + M;-M')(P)'° 

One way to obtain the pointwise boundedness of the multiplier given in (fTT)) is based on lattice 
counting arguments previously used in work on nonlinear dispersive equations on periodic domains 
[TUl [351 [il] • In this way, one can show that the multiplier given in ([T7]) is bounded when a > | . 
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The idea is that, in order to count the number of lattice points in a set S C R'^, we fix mp G S, 
and we then count the number of fc G such that mo + k G S. The point is that, if S has a 
specific structure, we can obtain additional geometric insight about k and so this counting problem 
is easier than the original one. For instance, if k has to lie in the intersection of a plane and a 
ball of radius R, then there are at most a uniform constant times possible values of k. The 
fact that there is a delta function in ([TTl) allows us to reduce the dimension by one and to look at 
a five-dimensional sum, instead of a six-dimensional sum. This idea was first observed in [S3], in 
which the two-dimensional analogue of the above sum was shown to be bounded when a > | , which 
is below the energy threshold a — 1. In the two-dimensional case, the authors had at their disposal 
sharper lattice point counting techniques, such as the Gauss Lemma [HllllE^, which was first used 
in the PDE context in work of Bourgain [10], and later in [25]. In three-dimensions, however, this 
approach only gives the bound when a > |. We will omit the details of this approach and we will 
refer the interested reader to [SJ for the discussion in the two-dimensional setting. 

In Proposition |3Tl we will use a different method to prove that the expression in (|17p is bounded, 
which allows us to obtain the range a > 1. Our idea is to rewrite the sum (|17|) as: 

(18) I{r,p)^ - ^(^+l^l'-2(n,™))(p)^" 



\ 2a I \ 2a / \ 2a 

p) [n — p) [p — n — m) 



In the non-periodic case |56| . it was an important part of the proof to use scaling properties of 
the delta function, in order to obtain a decay factor. In the periodic setting, we can't apply 
such scaling arguments. In fact, we observe that there is never any decay along /(|pp,p), if we 
take (m,n) = (p,p). However, having rewritten the sum as (|17l) . we can use the concept of the 
determinant of a lattice, which allows us to sharpen the counting arguments and obtain the bound 
for a > 1. Here, we recall that the determinant of the lattice is defined to be the (positive) volume 
of the smallest parallelepiped spanned by the elements of the lattice. 

The key point is that we can use more detailed number theoretic arguments to estimate the 
number of lattice points which lie in the intersection of a ball and a plane which is normal to 
a vector in 1? . The number theoretic properties of the normal vector will be important for our 
argument. More precisely, in Lemma [3.91 we prove that for fixed m € Z'^, and c G Z, if f C Z'^ is a 
diameter R> 1 then 

(19) #(f n{a;eZ3,(m,a;) =c}) <i?+^ r. 

Here m* is defined to be m divided by the greatest common divisor of its coordinates, with the 
convention that m* := when m = 0. We note that this bound gives an improvement over the 
immediate bound of 0{R^) which holds for general planes. In the work of P. McMullen [BB], with 
later generalizations by Schnell [7D], it is shown that, for fixed m € 1? , the determinant of the 
lattice 

A,„ := {x e I?, {m,x) = 0} 

equals \m^,\. The bound (fT9)) is useful since we are also able to give a bound the sum of j;^- More 
precisely, in Lemma [3.61 we prove that whenever £ C \ {0} is a set of diameter R> 1, then: 



We can then estimate I{t,p) by using in the inner sum and (|^n| in the outer sum. We believe 
that this counting approach is of independent interest. 

Let us recall that in [56) , when one is working on R"^, the above mentioned scaling properties of 
the d function lead one to study convolution estimates for generalizations of Riesz potentials: 

(21) / V ,\. dS{i^) 
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where S is a smooth submanifold of M'^, and ^ e K^. In this concrete case, S is taken to be either a 
plane or a sphere. More precisely, in equation (16) of [56| . the authors use homogeneity properties 
of the delta function and the coarea formula to deduce that: 



where now dS is the surface measure of a sphere in M.^. The aim is to obtain a bound on the integral 
in (1^ in terms of a negative power of |^|, for a suitable choice of a and b. 

In a recent work, Beckner '6| gives two higher dimensional generalizations of the spacetime bound. 
The arguments used rely on scaling properties of the delta function, and hence can only be applied 
in the non-periodic setting. The estimates proved in [6] are viewed as a step in the larger scale dual 
program for understanding how smoothness controls restriction to a non- linear sub- variety [5]. 

Moreover, in Subsection 13.41 we give a precise study of the endpoint case a = 1. In Proposition 
13. 2[ we prove that, in the case of frequency localized data, we obtain a logarithmic loss of derivative 
in the analogue of ([T6|) . Furthermore, in Proposition 13. 3[ we prove that the estimate (IT6)) doesn't 
hold in the case a = 1. This shows that the number theoretic method based on the determinant of 
a lattice gives a sharp result for the range of a. The proof requires a precise decomposition of the 
operator Bj^k+i and a specific choice of data for which one part in this decomposition is bounded 
and the other one grows logarithmically in the size of the largest frequency. Such a result is in 
drastic contrast with the setting of M.^ [56] and in the setting of and ffi.^ [54] , where the analogue 
of (US]) holds for a = 1. 

Let us remark that in Proposition 15.31 we prove that the above spacetime estimate holds when 
a = 1 in the case oi factorized objects, i.e. for 7q'^-' :— |0o)('/'oP" for (pQ e H^. However, this 
property is not preserved under the Duhamel iteration used to prove the uniqueness result and 
hence cannot be directly applied in our context. 

Having these facts in mind, we note that the factorized objects are very special in the class 
in the sense. Namely, they satisfy ([TH]) for a = 1, whereas general objects don't necessarily have to 
satisfy this estimate. It would be interesting to see if there is any other non-trivial class of elements 
inT-L^ which also satisfies ((T6]) when a = 1. 

We want to prove that the factorized solutions to the Gross-Pitaevskii hierarchy lie in the class 
A if the initial data 0o for the NLS ([9]) is sufficiently regular. This fact tells us that the class A is 
non-empty and physically relevani0. The proof from [56j of the analogous fact in the non-periodic 
setting relies on the use of Strichartz estimates. If one wanted to take this approach in the periodic 
setting, one would need to use the Strichartz estimate on T'^ due to Bourgain 10 : 

Theorem 1.7. (Strichartz estimate on ; Bourgain Let p > 4,iV > 1. Let P<:n denote the 
projection onto frequencies \n\ < N . Then: 

||^'<Afe**'^0||LP([O,l]xT3) ^ N^^p\\P<N(l)\\L^{T3y 

However, the loss of i — - derivatives turns out to be too much to allow for the argument from 
[56] to carry through, so we have to use a refinement of Bourgain's result. 

We can circumvent the mentioned difficulty by using multilinear estimates in the atomic spaces 
U and V. We note that the U spaces were first defined in the work of Koch and Tataru [SS]. See 
also [59] [60] . A variant of the V spaces is originally found in the work of Wiener [72] . The first 
application of both spaces in the context of nonlinear dispersive equations appears in |58j . Variants 
of these spaces have been used in a class of critical problems in the work of Hadac, Herr, and Koch 

^For another non-empty class B of local-in-time solutions, see Remark ll.6l 
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|48) . Herr, Tataru, and Tzvetkov [SO], lonescu and Pausader [53], and Dodson [371 [55], as well as 
in the context of low regularity solutions for the Korteweg-de Vries equation by B. Liu [65) . For a 
detailed account of U and V spaces, we refer the reader to Section 2 of [48] . 

In particular, we use variants of these spaces adapted to the Schrodinger equation which were 
used in the context of the energy critical NLS on T'^ 50J, and later in [53]. The key fact that one 
has to prove is the estimate, given in Corollary 15.21 (see also ([90])) : 



Here, / is a time interval and the function spaces are defined below. In these spaces, the superscript 
denotes the order of differentiation. The bound ([3^ holds when a > 1, and the implied constant 
depends on the length of /. The point is that, in the above estimate, there is no longer a derivative 
loss which would be present if one were to directly apply the Strichartz estimates. 

We note that the factorized solutions lie in the class A whenever a > 1. Hence, the restriction to 
a > 1 in Theorem 11.21 comes from the fact that we need to use the fact that a > 1 in order to prove 
the spacetime bound pBl) . In fact, if a = 1, the bound doesn't hold. For details, we refer the 
reader to Subsection 13.41 

1.5. Organization of the paper. In Section[2]we recall some notation and some known facts from 
harmonic analysis. In particular, we give the definition of the atomic spaces U and V . In Section 
13.11 we prove the spacetime estimate which was mentioned in (1161) when a > 1. This is the content 
of Proposition 13.11 In Subsection 13.21 we introduce some notions from number theory, which allow 
us to prove strong lattice point counting results in Lemma l3.6l and in Lemma l3.91 In Subsection 13. 31 
we put these number-theoretic results together to give a proof of Proposition 13.11 thus obtaining 
the key spacetime estimate for the free evolution operator when a > 1. In Subsection 13 .41 we discuss 
what happens when a = 1. In particular, we prove Proposition 13. 2[ which states that we obtain 
a logarithmic loss of derivative and Proposition 13.31 which states that the spacetime estimate in 
(|16p doesn't hold when a = 1. The main result of the paper. Theorem 11.21 is proved in Section 
[H We note that the Duhamel expansion is explicitly given in ([M)) of this section. Theorem 11.31 
concerning the factorized solutions is proved in Section [5| We note that in this section, we need use 
the theory of U and V spaces. In Appendix A, we present the proof of the local-in-time result given 
by Proposition 15.11 which is needed in Section 15.31 in order to prove Theorem 11.31 
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of U and V spaces and for suggesting the reference [3S]. They are also grateful to Boris Ettinger, 
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comments and discussions about the Gross-Pitaevskii hierarchy. They are grateful to Xuwen Chen 
for comments on an earlier version of the manuscript. 
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Fellowship. V.S. was partially supported by a Simons Postdoctoral Fellowship. G.S. was partially 
supported by NSF Grant DMS-1068815. 



In our paper, let us denote hy A < B an estimate of the form A < CB, for some constant C > 0. 
If C depends on a parameter p, we write A <p B, which we also write as C = C{p). Throughout 
the paper, we fix A = T"^. 

2.1. The Fourier transform and differentiation. We define the Fourier transform on A = T'^ 
to be: 



(22) 



II^"(I0I'0)IIl^(/xa) < < 11011^.(7). 



2. Some notation and tools from harmonic analysis 
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Here, n £ iJ^ and (•, •) denotes the inner product. On [0, 27r] x A, we define the spacetime Fourier 
transform by: 

J[0,27r] JT3 

Here, r e Z. When we are considering functions 7q'^-' : A'^ x A*^ — >■ C, for fixed A; G N, we define the 
Fourier transform to be: 

JA'-'xA*! 

Here rik = {ni, ■ ■ ■ , rik), n'^. = {n[, . . . , n'f.) € (Z^)'^'. The reason why we take the complex conjugate 
in the last k variables is in order to be consistent with the definition of the factorized solutions to 
the Gross-Pitaevskii hierarchy given by ([TU]). We also define the spacetime Fourier transform of 
functions 7^'') : [0, 27r] x A*" x A*" C as: 

(7('^)~(T,nfe;4) := / 7^'^(i,a^fe;4)e-^*"-^^-^<"-"'>+^^-^<"^'"^-^da-fcd4dt. 

J[0,2Tr]xA'=xA'« 

Let US fix Q e M. For 7^^"^ : A*^' x A*^' C, we define: 

(23) ^('^■")7f := - A.jf (1 - A.,)t7W. 
We also sometimes write: 

:= (1-A,)t. 

For a sequence Tq = (70'^'' ) of /c-particle density matrices as above, we say that 

(24) Fo e H" 

if for all fc, the quantity \\S'''''°'^^Q^''\\]^2(^j^ky.j^k-^ is finite. 
Finally, we define the free evolution operator Z^'*^^ (t) by: 

(25) U^'-HH'^ e^*^.-^ '^^.7(^)6-"^-^ 
We note that then: 

(*a, + (A^,-A.--))z^W(t)7f -0. 

2.2. Function spaces. We take the following convention for the Japanese bracket (•) : 

(x) :- yiTRp. 

Let us recall that we are working in Sobolev Spaces H'^{A) on the the three-dimensional torus whose 
norms are defined for s e R by: 

Given a time interval /, we denote by Cu{I; H°'{A)) the space of all functions u — u{t, x), such that 
the function 1 1-^ H°'{A) is uniformly continuous on /. With the norm || • ||L~(7;_ff°(A))> Cu{I; H"{A)) 
becomes a Banach space. 

We now define the atomic function spaces U and V following [58l [59] . We fix iJ to be a separable 
Hilbert space over C. Let Z denote the set of all finite partitions of the real line of the form 
—00 < to < ti < ■ ■ ■ < tpc < +00. If tji equals +00, we use the convention that all of the functions 
V :R H take value zero at tx- Given a set / C M, we let xi denote its characteristic function. 

We can now define the J7-space: 
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Definition 2.1. (U -space) Given 1 < p < oo, and H as above, we call a H an U^-atom if 

" = J2kLi X[tk-i,tk)<l>k-i for some <j)k e H satisfying YJk=o^ ll'/'fellff = 1- Then, U'p = UP{R,H) C 
L°°(M.,H) is defined to be the space given by the norm: 

||u||yp inf I l-^j li — ^jO-ji o-j — atom^. 

Let us observe that the procedure to define the fj-space above is analogous to atomic decompo- 
sition in Harmonic analysis as was studied by FefFerman and Stein in [37 . 
We now define the V space: 

Definition 2.2. (V -space) Given 1 < p < oo, we define y(R;H) to be the space of all functions 
V -.R^ H such that: 

||i;||vp := sup ( \\v(tk) - vih-iWH] < 

In the definition, one also takes the convention that w(+oo) := 0. 
It is shown [551 EH] that the following inclusions hold: 

(26) ;7^'(R; H) VP{R; H) ^ L°^{R; H), for ah 1 < p < oo. 



(27) UP{R: H) C [/^(M; H) C L°°{R- H), for all 1 < p < g < oo. 
A key link between the U and V spaces is the following duality statement: 

(28) {UPy = yP', whenever 1< p < oo. 

The duality is taken to be in the sense that there exists a bilinear pairing B : JJP x — > C such 
that the map T : — ^ (JJP)* given by T{v) := B{-, v) is an isometric isomorphism. This statement 
is reminiscent of the duality between and BMO from [37j . For a precise form of the bilinear 
form B, we refer the reader to Section 2 of [48] . 
As in [59l[60], it is convenient to define: 

II -itA II 

;72(R;_f/°(A))- 



(29) \\u\\uiH^ := \\e-^'^u\\ 



(30) \MvlH'' l|e-"^^i|!y2(K^^„(A)). 

In [50l[53], one also considers the following spaces: 



(31) Mx^- ( E(0'"l|e^*l«l uitm\\hiR.,c))'- 

(32) Mr. := ( ^ (^)'"l|e'*'^''^)(Olly^(«.c)) ^• 

We note that the above spaces are reminiscent of the X'''^ spaces which are commonly used in 
the theory of dispersive equations flO'. 

In [5^, it is noted that the following bound holds: 

(33) l|e^*^/||x= < 
as well as the following inclusion of spaces: 

(34) UlH°' X" ^Y" ^VlH". 
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Let US also note that: 

(35) X" r" L°°{R; iJ"(A)). 

To deduce the last inclusion, we note that, by unitarity of e^'*^ on iJ"(A), one has: 

\\u\\l-=°{R;HSW) = l|e~**^M||L~(K;if°(A)) 

which by (EH), the definition of VlH" and ^ is: 

<\\e-''U\v^(R;H-) = \H\vlH''<MY^- 

Similarly to (|28]) , the following duality relation holds [50] : 

(36) (x"(/))* =y-"(/). 

Here, / is a time interval and X"(/),F^"(/) denote the corresponding restriction spaces. 
Moreover, Proposition 2.11 in 50 tells us that for / e L^{[0,T]; H°'{A)), one has: 

ft 



[ e*(*-^)^/(T)dT e X"([0,T] 
Jo 



and: 



(37) 



e*(*^^)^/(T)d7 



^ II/IIl1([0.T];H°(A))- 

X°([0,T]) 

This is a useful estimate on the Duhamel terms. 

Given a dyadic integer iV, let P/v denote the Littlewood-Paley projection to frequencies of order 
N. In other words, we start with a non-negative, even function ip e C5"(— 2, 2), which equals 1 on 
[— 1, 1]. For p ^1?, we let ipNip) equal: 

\V(bl), for TV =1. 

Then, Ppf is defined on L^(A) as: 

(PNirip) ■.^^n{p)?[p). 

In our paper, we will use the following estimate, which was first derived in |50| . 

Proposition 2.3. (Proposition 3.5 in [SD]j There exists 5 > Q such that for any Ni > N2 > > 1, 

and any finite interval I C R, one has: 

(38) |1[]Pjv,%-||l^(/xA) <A^2A^3max [] ||Pjv,w,|lyo(,). 

The implied constant depends only on the size of the interval I . 

We remark that, in [50], this result is stated with the norm instead of the Y'^(I) norm on the 
right-hand side. However, the result with the i^"(/) norm immediately follows by the definition of 
the restriction norm. 

3. Spacetime Bound 

An important step in our proof will be the spacetime bound for the free evolution Z^^*^^ {t) defined 
in (EH). We note that the bound resembles spacetime estimates for the free evolution used in the 
theory of dispersive equations. This is a manifestation of the connection between the Gross-Pitaevski 
hierarchy and the Schrodinger equation. The bound that we prove is: 
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Proposition 3.1. For a > 1, there exists Ci = Ci(a) > such that, for all sequences (7o"^) G H", 
for all fc e N, and for all j G {1, . . . , fc}, one has: 

(39) ||5(^^")i?,,fc+iZ^(^+l)W7^'+'^L2([o,2.]xA'=xA'«) < Ci|15('=+l'")7r'^llL^(A^ + ixA'^ + M- 

We note that, by using a Sobolev embedding argument as in [53], one can directly prove the 
bound pop when a > |. Furthermore, an apphcation of the number theoretic techniques used in 
[54] adapted to the three-dimensional setting gives the bound (|39| when a > |. Moreover, we show 
that the condition a > 1 is sharp by proving the following two claims: 

The first claim states that, in the endpoint case a = \, one obtains an upper bound involving a 
logarithmic loss of derivative. 

Proposition 3.2. Suppose that N > 1 and suppose that (7q'^^) G "H^ is a sequence such that for 

all fc G N, one has (7o*^)^(fT-i, • ■ • , fT-fc! "-i, • ■ • , n-'j^) — if some \nj \ > N or if some \n'j \ > N . Then, 
there exists a constant Ci > such that for all k Cz N and for all j G {1, . . . , fc}, one has: 

(40) \\S'^'-'^B,^k+iU'^''+'\thl,';^'^h2^[o.,^^^^^ 

The second claim states that, when a = 1, one can't choose a uniform constant Ci > such that 
([39]) holds. 

Proposition 3.3. There doesn't exist Ci > such that for all (70""'') G H^, fc G N and j G {1, . . . , fc} 
one has: 

(41) ||5(^^l)i?,,fc+iW('=+l)(t)7^'+'^||L2([o,2.]xA^xA'=) < Ci||5(^+l'l)7r'^llL^(A'=+ixA'=+i)- 

Before we give the details of the proofs of the above results, let us make some preliminary remarks. 

With Bff^^^ defined as in g]) and (P, we will prove the bound for 5'('='")5+^^_^i W^'^+i) (i)7o'''^^^ 
instead of for ^('^^"^Bj- fc+i Z^f'^+i) (t)7^''+^^ The bound for the expression with Bj ^^-^ is proved in 
an analogous way (one just exchanges the n's and m's), and the general claim then follows since by 
([U, we know that Bj^k+i = ^j^fc+i ~ ^^''^ simplicity of notation, let us consider without loss 

of generality the case when j = 1. The other cases follow by symmetry. We note that: 

k k 

(42) l[{n,r IIK)" • ho'^'Yini - n^+i + n'.^^n^, nk+i;n[, ...,n'^^,). 

i=i i=i 

Hence, the above expression is periodic in time with period 27r. Thus, we need to restrict the time 
integral to the interval [0, 2tt]. 

For fixed r G Z and p G Z^, we define: 

6{t + \p - n - TOp + |np - |rnp)(p)2" 



(43) I = I(r,p):= ^ 



where 5 denotes the Kronecker delta function on Z. 
Arguing as in [54] [56] , the estimate 

(44) ||5(^'")i?+,+iW('=+l)(i)7r''llL=^([0,2.]xA'=xA'=) < Ci||5('=+l'")7r'^llL^(A'=+ixA^+i) 

follows from: 



(45) / < Ci, uniformly inrandp. 

Let us recall this reduction in more detail. 
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By taking the Fourier transform on [0, 2tt] x A*^ x A*^ of the function on the left-hand side, and 
by taking the Fourier transform on A''^^ x A'^'^^ of the function on the right-hand side, Plancherel's 
theorem imphes that (I44p is equivalent to: 



It can be shown that: 

k k 

(46) n^^J^^IlK)" •7o^''^^H"-i -nk+1 + ?ife+i,n2,---, rifc-Hi;%, ■•■,<+!)■ 

By applying the Cauchy-Schwarz inequality in nk+i and n'j^j^-^, we observe that, for fixed r S Z: 



< 



E 



(ni-nfe+i+n',^,)2"(nfe+i)2"(n', )2a 



^ 5(r + |ni - nfe+i +nfe+i|^ -I- \nk+i? - \ni\'^ - l^'fc+il^) 

Hence, in order to prove Proposition 13. li we need to obtain pointwise bounds on: 

i{T,nk]n'k) ■■= 

We remark that we are originally looking at: 

T+\ni- Uk+i + n'fe+i p + \nk+i P - |ni p - In^^+i ^ = 

= T + |ni - + n^+ip + 
fe fe 

£=2 ^=1 

e=2 1=1 

Hence, by making the change of variable t ^ t + J2e=2 l"'^^ ~ J2e=i ^^'^ by taking p := 

ni,n := Uk+i, and m := — it follows that we indeed need to show (|45p . The rest of this 
section is devoted to the proof of (|i5|) . 



UNIQUENESS OF SOLUTIONS TO THE PERIODIC 3D GP HIERARCHY 



15 



3.1. Rewriting the sum in (|^5|) . The first step is to rewrite the sum /(t, p) from P5|) . By using 
the identity 

T + \p — n — + |rt|^ — |m|^ = r + + Ip ~ n\'^ — 2(p — n, m) 

= T + — 2(p — n, n + m) 

we can rewrite the sum as follows: 

S{t + — 2{p — n,n + to)) (p)^" 



/ \ 2a I \ 2a / \ 2a 

™,„GZ3 {p-n-m) {n) (to) 
^ 5(r + |p|2 + 2(n-p,TO))(p)2" 



{p — m) {n) (m — n) 



(48) 



V- ^(r+|pp-2(n,TO))(p)^° 
' "11 — p) [n — p) (p — n to) 



We will use the form (j48p to prove that I{t,p) is uniformly bounded for any a > 1. The point 
is that, for fixed to £ 7?, all the points n £ satisfying the condition t + |pp — 2(n, to) = lie 
in a plane with normal vector to. By symmetry, the same property holds if we reverse the roles of 
TO and n. Having rewritten the sum this way, we can use the number theoretic properties of the 
normal vector. 

Remark 3.4. We observe that there is never any decay along /(|pp,p), just by evaluating at 
{m,n) = (p,p). 



3.2. Some number theory. In order to show that the expression in (|48p is bounded for a > 1, we 
need to observe some facts from number theory. As was mentioned in the introduction, we want to 
estimate the number of lattice points lying in the intersection of a ball with a plane which is normal 
to a vector in Z'^ . The first result which we prove is the following property about sets whose points 
are sufficiently separated: 

Lemma 3.5. Let X cW^ be any set, and let Xg be the set of points in M.'^ which are a distance less 
than s to the set X. Let A C M.'^ be any r-separated set (meaning that \x — x'\> r for x,x' distinct 
points in A). Then for any r' > 0, 

#(AnX,0<(min{r,r'})-'^|X,,|, 

i.e., the number of points in A at distance less than r' to X is at most a universal constant (depending 
only on dimension) times (min{r, r'})^'' and the Lebesgue measure of Xr' . 

Proof. Suppose x £ X and — j/| < r'. Let 6 := min{^, 1}. By the triangle inequality, every 
point in the ball B -.^ {z £ W^, \z - {9x + (1 - 9)y)\ < j min{r, r'}} wiU have 

\z^y\<\z- {Ox + (1 - e)y)\ + e\x - y\ < ^ + ^ = 
\z-x\<\z- [Ox + (1 - 9)y)\ + {l-9)\x~ y\ 

< — min{r, r'} + max |r' ^ o| ^ 

Consequently, for each y £ A oi distance less than r' to the set X, we may find a ball By of radius 
i min{r, r'} which is contained both in the ball of radius ^ centered at y and in Xr'. Since A is 
r-separated, these balls must be disjoint. Thus we have the trivial estimate that the measure of Xr' 
must be bounded below by the number of points in A of distance less than r' to the set X times the 
volume of the ball of radius i min{r, r'}. The constant clearly depends only on the dimension. □ 

Given to £ Z"*, let to,* equal to divided by the greatest common divisor of its coordinates (and 
define to* :— when to = 0). 
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The following lemma gives us a useful way of relating the above defined quantity m.^ to the 
diameter of a set: 

Lemma 3.6. Let £ <Zl?\ {0} he any set of diameter R> 1. 
Then 

(49) E i ^ 



for some universal implied constant. 



Proof. For each q e Zi^, let ip{q) equal the number of points m E E such that m* — q. We have the 
equality 

^ Igl ^ ImJ' 

Several observations are in order. The first is that the sum over all q of ip{q) is exactly the cardinality 
of £. Because £ has diameter R, it will be contained in some ball of radius R, and since the integer 
lattice is 1-separated, the number of points in £ will (by Lemma |3.5P be at most a constant times 
the volume of the ball of radius 1), which is (by assumption on R) itself bounded by a constant 
times R^. Next we make the observation that 

(50) ifiiq) < I + R\q\-\ 

This follows since ip{q) — iV > 1 implies that there are positive integers ni and n2 with \ni — 712I > 
N — 1 such that niq G £ and n2q G £. On the other hand, by assumption, points in £ are separated 
by distance at most R). Hence, 

\q\ • (TV - 1) < \q\ ■ \ni - 7^2! = \qni - gjisl < 

which indeed implies ((50)) . We conclude by estimating: 

^ < 2-^+1(1 + i?2-^-+i)23J- 
^ \q\ ~ 

2j-i<|q|<23 

when j > (we have simply bounded l'?!""'^, </'(?) the number of q in the annulus. Fixing any 
iV G N, we may sum these estimates over < j < N . For the remaining piece, we know that 
< 2^^ and that the sum over (p 



^ < 2 ^ and that the sum over (p on the remainder term is at most a constant times R^. Thus 



V i < 22^ + R2^ + 2-^R\ 



Since R > 1, we can find N £ N such that 2^ ^ R. The estimate (|49|) follows for this choice of 
N. □ 

Let us recall the definition of a lattice and of its determinant [5T| 

Definition 3.7. A k-dimensional lattice in R*^ is a discrete subgroup L of M.^ of rank k. Given 
such an L, we define its determinant to he the smallest positive volume of a k -parallelepiped whose 
vertices helong to L. 

A fundamental number theoretic fact is: 

Lemma 3.8. For fixed m G Zi^, the determinant of the lattice 

A,„ := {x G Z^, (m, x) = 0} 

is \m.^,\ (i.e., the Euclidean norm of the vector m divided hy the greatest common divisor of the 
entries ofm). 
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Proof. This lemma is an immediate corollary of a theorem of P. McMullen McMuUen's theorem 
states that if E and E' are orthogonal rational subspaces of Euclidean space, then the determinants 
of the lattices Z'^ D E and Z'' n E' are equal. This theorem was later generalized by Schnell j70j . 
In our case, A™ has a dual lattice A'^ which consists of all integer points which are multiples of m 
itself. This lattice is one-dimensional, and its determinant is merely equal to the Euclidean norm of 
the smallest nonzero element, which must equal □ 

The concept of the determinant of a lattice allows us to prove the main counting lemma of this 
subsection. This is the result which will allow us to estimate the number of lattice points in the 
intersection of a ball and a plane. We note that it gives us a substantial improvement over the a 
priori bound 0(i?^), which we would obtain for generic values of the normal vector. 

Lemma 3.9. For fixed ra^Tl?\ {0} and c^TL, if £ CZ 1? is any set of diameter R>1 then 
(51) #(£n{xeZ^,{m,x) =c}) <R+- r. 

Proof. Translating £ as necessary, it suffices to assume c — (since if q is any point belonging to 
the intersection, then the cardinality of the intersection will equal the cardinality of the intersection 
{£ — q) D A,„. Let a G be any nonzero element of minimal norm. On any line in Am with 
direction ai :— j^j, the points of A^ will be separated by a distance of at least \a\ (if this were not 
the case, a translation of that line back to the origin would show that \a\ cannot be minimal). On 
the other hand, since the determinant of the lattice is |m*|, this means that Am may be written as 
a countable union of equally spaced lines in the ai-direction which are separated by a distance of at 
least |TO*||a|~^ (since any parallelogram will have area at least |to*|). Now it's clear, however, that 
if £ has diameter R, then at most 1 + |a||m*|~^i? of these lines may intersect £, and the number of 
points on each such line which belong to A,„ H £ can be at most 1 + |a|^^i?. Thus 

#{£n{x eZ^,{m,x) =c}) < l + {\a\-^ + \a\\m,\-^)R+\m,\-^R^. 

Because \a\ > 1 (due to the 1-separation of Z"^) and R > I, the conclusion ((5T|) immediately 
follows. □ 

3.3. The proof of Proposition [37ll We can now put together all of the previous estimates and 
estimate the sum in Proposition 13.11 More precisely, let us prove the bound (j45p . which, in turn, 
implies Proposition 13.11 from the earlier discussion. In the proof, it will be necessary to dyadically 
localize all of the factors. We will then argue by cases and sum up all the estimates to obtain the 
bound. 

Proof (ofProposition[3l])Foranyj := {ii,i2,h) G Ng, let £:r,p(i) be the subset of Z3\{0}xZ3\{0} 
on which 

\m-p\ < 2^\\n~p\ < \m + n - p\ < , 
and = r + |pp — 2(ri, m). If ji > 0, we further assume that |m — p| > 2^'^^^ and likewise for j2 
(assume \n-p\ > 2-'2-i) and ja (assume \m + n-p\ > 2^''^^). Each pair {m,n) G Z^ \ {0} x Z^ \ {0} 
satisfying the relation = r + |pp — 2(n, m) will belong to Er,p{i) for exactly one index j; for that 
specific index we will have 

1 



(to — p) \n — p) (m + n — p) 



< 2^2a(ji+j2+i3-3) 



The above inequality is immediate when ji, j2, ja > 0. If any of the indices are non-positive, we use 
the fact that (•) > 1. Now consider the sum /(r, p). From pS)) . we note that: 

Iir,p)<6ir+\p\^)J2 , ^ ,4. 

m {m-p) 

(52) 

+ (p)'" V 2-2"0-i+J-^+^3)^^^_^(^-)_ 



il J2 J3=0 
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The first sum on the right-hand side arises from those terms in the sum for /(t, p) at which either 
ni — or n — (note these cases are symmetric) and is finite whenever a > |. The second sum on 
the right-hand side of ((52|) is substantiahy more difficuh to control Let jmin, Jmid, and jmax equal the 
entries of j arranged in increasing order. By the triangle inequality, \p\ < \m—p\ + \n—p\ + \m-\-n—p\ < 
2h -(-2^2 4-2-'^ . Furthermore, since each of ji, j2, js is nonnegative, we also have 1 < |(2^^ +2^^ +2-'^)^, 
and so 

16 

1 + IpP < 1 + (2^1 + 2^^ + 2^-^)2 < —(2^1 + 2^^ + 2^-'f < 16 • 22^»=»'. 

9 

Hence, (p) < 2^'"='='+^ whenever E^-^pij) ^ 0. We can rewrite this inequality as: 

(53) jmax > l0g2 (p) - 2. 

If we can establish the inequality 

(54) *E,Aj) ^ 22^"""+2^»- 
then we will have 



oo 

... ^ 

Jl,j2 J3^0 

OO 

jl J2 J3=0 
Jmax>l0g2(p>-2 




(55) 

which is uniformly bounded in r and p so long as a > 1. Here, we are using the fact that the 
sum of the tail of a convergent geometric series is comparable to the largest term with a constant 
depending only on the ratio of adjacent terms. This, in turn, implies that the sum over jmax will 
cancel the factor of (p)^". To establish ([5^ we must consider several cases. 
Case 1: ji = min{ji, js, js}. 

For each fixed to, the pairs (m, n) e Er,p{j) satisfy the inequalities |to ~ p| < 2^'^ ,\n — p| < 
2-'^ , |to -|- n — p| < 2^^ . In particular, for to fixed, since p is also fixed, the n coordinates must lie in 
a ball of radius 2™™^^^'^^^ . We use (ISTI) in order to deduce: 



*ErAj)< E E '5(r + |p|2-2(n,TO)) 

|m-p|<2Ji |n-p|<232 
m^Q |n+m-p|<2J3 

22min{j2,i3}" 



|m-p|<2Ji 



2min{j2j3} _|_ 



TO* 



Furthermore, by ([^^ it follows that: 

4i^Er p{i) < 2'^^^'^"""''-'^'-'^^ _|_ 22-'i+2™'"'f-'2 Ja} < 22ji+2™'"{j2 J3}_ 

Case 2: js = min{ji, ja, js}. 

By symmetry between n and to, we get 

#Er,p{j) < 22j2+2min{iij3} 

in exactly the same manner just described. 

Case 3: js = min{ji, j2, ja}. Without loss of generality, we may assume ji and j2 are both 
positive (otherwise one of the previous cases would also hold). This means we may assume |m — p| > 
2-'i-i and \n-p\> 2^^-^ if necessary. For any k := (fci, fca, fcg) e Z^, let Bk := [2^^ki,2^^ki + 2^^ ~ 
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1] X p-J'^/ca, 2^''fc2 + 2-''='-l] X [2J'3/c3 + 2^'3 -1]. For any pair (fc, k') e xZ^, we have £^r,p(i)n(Bfc xSfe.) 
has diameter at most comparable to 2^^ , and so just as in the previous cases, we wih have an estimate 

Namely, for m fixed, the n coordinates lie in a ball of radius ^ 2-'^ . Moreover, the m coordinates lie 
in a ball of radius ~ 2^3 ^ 

In order to establish the estimate 

it suffices to show that the number of pairs {k, k') for which ET-.p{j) H {Bk x Bk') is nonempty can be 
at most a uniform constant times 2^™'"^^^'^^'^^^-'^ . To establish this estimate we appeal to Lemma 
13.51 For any pair {k, k') G Z^ x Z^, we will have {Bk x Bk' ) n Er^p{j) ^ only when the center point 
of Bk X Bk' is at Euclidean distance less than 2^^+^ from the set Er.p{j)- Furthermore, the centers 
of such boxes form a 2^^ -separated set. We conclude by lemma l375l that 



#{{k, k') e Z^ X I?,Er,p{j) n [Bk X Bk') ^ 0} < 2-^^'\X^,M. 

where X233+1 refers to the 2-'^+^-neighborhood of Er.p{j)- Here, we note that the dimension d = 6. It 
follows that we need only show that the measure of this neighborhood of Er,p{j) is at most a uniform 
constant times 2^"""^^i'^^^+"'-'^. It will be convenient to rewrite the relation t + |pp — 2(n, m) — 
as 

(56) 2t + + |n — mp = (m + n~p,m + n+p) 

and split into two subcases. 

Case 3(a): |n - m| > 2"""{JiJ2}+4 for every {m,n) e Er,p{j). 

By virtue of the inequalities 2 min{|m — p\,\n — p\} > 2™™^-'i'-'2} > 2-'-' > \m + n — p\ and 

(57) |m — n| + min{|m — p\, \n — p\} > max{|m — p|, |n — 
we must have that: 

(58) 2|n — to| + 10 min{|m — — p|}> jm + n + pj, 

for every pair {m,n) £ Er^p{j). In order to prove (I58p . we can argue by symmetry and assume, 
without loss of generality, that |m — p| > |n — p\. Hence, it follows that: 

2|to — p| > 2|n — p| > \'m + n — p\. 

In order to obtain the last inequality, we used the dyadic localization. We also note: 

|rn — p| + |n — p| + |m + — p| > \p\. 

Furthermore, we use (1571) to deduce: 

|n — m|+4|ri — p| = |n — m| + |n — — p|-|-2|n — p| > |to — p|-|-|7i — p|-|-|TO-|-n — p| > \p\. 

Consequently, 

2\n ~m\ + l{)\n-p\ > 2\p\ + 2\n - p\ > 2\p\ + \m + n ~ p\ > \m + n+p\, 
which proves (155)) . 

From ()58p . we can deduce that \n — m\ > \J21+^, Further more, by hypothesis |?i — m| > 
2min{ji,j2}+4^ From these two bounds, combined with ([56]), the fact that \m + n - p\ < 2^^ < 
2mm{ji,j2}^ and the Cauchy-Schwarz inequality, we may conclude that: 

(59) 2r+ < -\n~m\^ + 2^'\m + n + p\ < _22™bij2}+6 



(60) \m - n\ - \2t + \p\ 



,|2|2 



< 2^^ 



h4 
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In order to deduce ([SO]) , we use observe that: 



\2t+p 



2| 



|2t + p^|2 +\n-m 
= I (m + n — p, TO + 71 + p) I < \m + n — p\\m + n + p\ < 2-'^ • 2|n — m\ 

Since |2r + p^|^ + |n — to| > |n — to|, the estimate (pO]) follows. 

Consequently, we have shown that when (to, n) S Er^p{j), the triple m — n must lie between two 
spheres of radius at least comparable to 2™™^^^'^^^ whose separation is at most comparable to 2^'^. 
The first fact follows from (15^ . whereas the second fact follows from 

We note that all pairs {m,n) S Er^p{j) have to satisfy |to + — p| < 2-'^ and |to — n + p| < 
|to + n — p| + 2 min{|m — p|, |ri — p|} < 2'°'"^-'i'-'2'^+^, since j3 < ji,j2- This means that, aside from 
lying between two spheres, ra — n must also lie in some ball of radius comparable to 2"^™^^^'^^^ . 
Thus, the 2^='+^-neighborhood of Er,p{j) will have Lebesgue measure in R'^ x at most a uniform 
constant times 2^™'"^^^'^^'^+'*^^. We obtain this bound by first fixing m + n which by assumption 
can lie in a set of diameter at most a uniform constant times 2-'^ (even after taking into account 
the 2^^^^ neighborhood). Once we fix such an m + n, we then note that ra — n will lie in a set 
with thickness at most comparable to 2^^ transverse to the spherical shells and diameter at most 
comparable to 2'^™^^^'^'^^ in the remaining two directions. 

Case 3(b): There is some pair (m, n) e i?r,p(j) for which |n - to| < 2'''™^^^^^^^+'^. 

Since (|58p still holds, we must conclude that 2'"'"{^i'^2>+5 > I m + n + p\ in this case. Pairs 
(m, n) e Er^p still have |m + n — p| < 2^^ and \m — n+ p\ < 2"""{^i'-'2}+2^ ^^^^ now, by using these 
two bounds, (j56p . and Cauchy-Schwarz, the best that can be said for the annular region in n — m 
is that 

|2t + \p\^ + |n - mp| < 2J3+'"i"bi J2}+5^ 

Evaluating at the specific pair {m,n) e ET p{j) for which |n — m| < 2™'"^''i'''2l+'', we conclude 

|2r + IpPI < 22™i{ii,J2}+9_ 

In dimensions d > 2, we note the calculus fact that, for fixed A > and 5 > 0, the volume of the 
^-neighborhood of the annular region 

(61) \X + \x\^\<A 

is a decreasing function of A. In order to prove this claim, we rewrite the annular region as: 

-A - A < |a;p <A-X. 

We now argue by cases. 



= ||2t + p^| - |n-TOp| < |2t+P^ - \n-m\'^\ 



Case 1: -A - A < 0. 

The assumption can be rewritten as A € [—A, +oo). In this case, the condition for the original set 
is equivalent to |xp < A — A, so the 5— neigborhood is given by |x| < A — X + and it has volume 
CnW A — A + (5)^, which is a decreasing function in A. 

Case 2: -A - A > 

In this case, the condition for the original set is equivalent to ^/—A — A < |a;| < — A, so the 
(5— neighborhood is given by 

V-A- A - (5i < |a;| < y/A-S + 5. 
where 5i := min{5, ^/—A — A}. We need to consider the two possibilities separately. 



Case 2a: Si = \J-A - A. 

The assumption is equivalent to A € \—A — S'^, — A). The original set is then the same as in Case 1, 
so the volume is a decreasing function of A. 
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Case 2b: 6i ^ S. 

Now, we note that A G (—00, —A — S"^]. The (^—neighborhood is then given by: 



< V-A- \-5 < \x\ < y/A~ \ 

whose volume equals: 



C„ 



(\/]4~A + 5f - {V-A - A - (5)2 =C„- 2A + 26VA^ + 26y/-A - A 



which is again a decreasing function of A. Hence, the volume of the (5— neighborhood of the annular 
region ([6T|) is indeed a decreasing function of A. 

Consequently, the volume of the 2^^+^ neighborhood of £^r,p(j) in x will be bounded above 
by the volume of the 2^^+^ neighborhood of the set where \m + n — p\ < 2^^ and 

We note that the above constraint implies: 

2min{j"i,j"2}+4.5 _ 2^3+0.5 < |^ _ ^| < 2™i"{ji J2}+4.5 _|_ 2^3-0.5 

Hence, in order to compute the volume of the set of all possible m — n, we again consider the volume 
in R'^ of a 2^^+^-neighborhood of a sphere with radius comparable to 2™™^-'^^-'^^. Arguing as in Case 
3a, we first fix m + n, which is allowed to vary in a set of diameter at most comparable to 2^^ and 
we then consider the possible values for m — n. The end result is that the 2^^+^-neighborhood of 
Er.pij) still has volume at most comparable to 2'*-'^+2™™^''i'^^^, which proves the claim. 

□ 

3.4. Discussion when a ~ 1 and the proofs of Proposition 13.21 and Proposition 13.31 We 

first prove Proposition 13.21 in order to obtain the logarithmic upper bound in the endpoint case 
a — I. 

Proof, (of Proposition [221) We recall the bound on the quantity I{t,p) given by ([5^ . by which: 
Iir,p) < S{t + bp) ^ -—-4 + {pf E 2-2"(^-i+^2+.3)^^^^(^-) 

m P' Jlj2,i3=0 

with notation as before. The first term is uniformly bounded in {t,p), whereas by using the frequency 
localization, and arguing as in (j55l) . we can bound the second term by: 

log2 N+1 

The claim now follows from the definition of I{t,p). □ 



The proof of Proposition 13 . 31 requires several preliminary steps. Let us note that the our proof of 
the uniform boundedness of /(t, p) crucially used the assumption that a > 1 m. the estimate (j55l) . 
We now demonstrate that this is not a feature of the method, but that the uniform boundedness 
indeed doesn't hold when a = 1. More precisely, we now prove: 

Lemma 3.10. The expression I{t,p) defined in (j43|) is not uniformly bounded when a = 1. 
Proof. Let us recall that, when a = 1: 

j^^^^^ y S{T+\p\^-2{n,m)){p)^ 
' ^-^ , (m — p)'^{n — p)'^(p — n — m)^ 

Let us fix K ^ 1. We then take p ~ (k,0, 0),r ~ — |pp and we look at the part of the sum where 
n — p. In other words, we just sum in m variable. The condition that 

r + - 2{n,m) = 
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is equivalent to 

{n, m) = 0. 

If we write m ^ 1/" as. m — (mi, m2, TO3), we can deduce that mi — 0. We therefore need to 



estimate: 

(1 + + + • (1 + mi + ml) ^ U {l + + \x\^) ■ (l + \x\^) 

Let us note that whenever 1 + jxp < k^, it is the case that -^^|^|^ > j:fj;T^^- Hence, the expression 
in (El) is: 



1 /■ 1 , 

2 Jl + |:r|2<K2 1 + \X\^ 

which by passing to polar coordinates is 

— In K. 



/ ^ dr = - ln(l 



r=0 



In other words, 

I{t,p) > In K. 

The proposition now follows. □ 

We now argue by duality to see how we can relate the unboundedness of /(r,p) when a = 1 to 
the original spacetime estimate. Before we prove Proposition 13. 3[ let us first prove the following 
related result for the individual operators B^^+i ^^'^ ^Jk+i given by (H)) and ([S]), since the analysis 
of these operators was crucial in the proof of Proposition 13.11 

Proposition 3.11. There doesn't exist Ci > such that for all (70"'') G , fc e N and j e 
{1, . . . , A;} one has: 

(63) |!5('='^)i?+fe+l^^'+'ni)7r'^llL2([0,2.]xA'=xA^) < Ci||5('=+l^l)7^'+'^|iL=(A^+ixA'=+i). 

The analogous statement holds when B^^.^^ is replaced by S^^.^-^. 

In other words, Proposition l3 . 1 1 1 shows that the estimates for B^j^^^ and BJj^^^ which we needed 
to use when a > 1 don't hold when a — 1. We now give the proof of Proposition 13 . 1 11 The main 
idea will be to choose a sequence of initial data 7^.°'' for which the implied constant in the estimate 
(|63p becomes unbounded. 

Proof. It suffices to show that ([63)1 doesn't hold when j = k = 1. By using the summation index 
we used in order to deduce (|48)) . we obtain: 



{S('^'^Bl,U('Hth^'Y{r,P;q)- 
= {p){q) X! ^("^ ^ + bp ^ 2(n,m)^(7^^')^(p- m,p- n;g,p- n- m). 

Let us fix K ^ 1, and let us take p := (k, 0, 0) as in the proof of Proposition 13. 101 

By the proof of Lemma 13.101 it follows that we can ffiid a sequence {cm,n) G with all 

Cm.n > such that: 

tRA\ 5{-2{n,m)) (p) r 



(to ~ p)(n ~ p)(p — n — m) 
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We now find Jq^^ such that, for all m,n ^ 1?: 

{p - m)(j) - n){p - n - m){% ')^{p - m,p - n;0,p - n - m) = Cm,n 

and such that 

(2) 

ho nPi,P2;qi,q2) = 0, 

for all {pi,p2, 9i, 92) G (Z^)^ which are not of the form {p~m,p—n; 0,p—n^m) for some m,n G 

(2) . . 

We note that, in this way, 7q is uniquely determined, and it satisfies; 



(65) II'5''^'^^7o^'||l2(A2xA2) = \\cm,n\\ei^ 



< 00. 



Here, we note that the four-dimensional sum defining the above norm of 7q is reduced to a two- 
dimensional sum since we only have two degrees of freedom m and n. 
Now, we observe: 

\\{S^'''^BtA'Yir,p;q)\U.= 



{p){'l) 2^ S{{T-\q\'^ + \p\'^)-2{n,m)){%')^{p~m,p~n]q,p~n-'m) 
(2) 



Since (7,3 )^ > 0, it follows that the above expression is: 



> 



{p){q) X! ^( - 2(n,m))(7|^^')^(p- TO,p- 



Namely, we just look at the contribution to the sum in r where t = |gp — |pp and we use properties 
of the Kronecker delta function. Furthermore, we can only consider the contribution of the sum in 
p and q where p — p and g = to deduce that we can bound this quantity from below by: 

> (5( — 2(n, to)) (p)(7q^')^(p — m,p — n; 0,p — n — to) 

which, by construction, equals: 

S{-2{n,m)){p) 



E 



{p — ni) {p — n){p — n ~ m) 



By (j64p and (1651) . we can bound this quantity from below by: 

> VlriK\\Crn,n\\el^^ = \/InK 1 1 S'(^'^)7^^^ 1 1 ^2 (^2 x A^) . 

In other words, we have proven that for the 7^^^ with IjS'^^'i) 

7o^''||l2(a2xA2) < 00 constructed as 

above, the following estimate holds: 

II 5(1^1)^+2 ||^,([o 2^]^^^^) > II 5(2,1)^(2) 11^^^^^ ^^^^ . 

We note that the implied constant is independent of k. Hence, (|63)) can't hold for a uniform constant 
Ci > 0. The argument for B~^.^^ is proved in a similar way. We omit the details. 

□ 

We recall that -Bj.fc+i = B^k+i ^ ^Jk+i- ^"^^ noie that Proposition 13. 1 II doesn't immediately 
imply Proposition 13.31 since, in principle, there could be cancellation in the difference. This is in 
contrast to the proof we gave above for boundedness when a > 1 when it was sufficient to consider 
either B^j^^^ or BJ^,j^-^ and argue by symmetry. We now show that a refinement of the proof of 
Proposition [STl] will indeed allow us to prove Proposition l3.3l The key point is the fact that we can 
choose initial data 7^,°^ with the property that there exists frequencies (t, ;p^.) S Zx {1?)^ x [1?)^ 
at which the contribution from B'j'^.j^^ is (logarithmically) large, but at which the contribution from 

BJi._^_i consists of only a finite number of bounded terms. Hence, for the initial data there is 
no significant cancellation coming from the operators B^f,_^^ and BJf,_^^ at this frequency. 
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Proof, (of Proposition I3.3P As before, we will fix j = fc = 1, and we will choose an appropriate 7q 
for which we get logarithmic growth in the implied constant. Let us first note that: 



(66) 



S{{t + \p\'^ - \q{^) - 2{n,m)){j^^^)^{p,q - m - n;q - n,q - m) 



As before, we take p := (k,0,0). Now, we also take q :— (0,0,0). By the proof of Lemma [3.101 it 
follows that there exists c G £'i,, with c™ > such that: 



fR'7\ 5{-~2{p,m)){p) r 2 a 

67) > — c„ > Vln K > c„ 2 

(n — m)(— m) ^-^ 

We now take 70^'' such that, for all m <El?: 

('2) 

{p- m){-m)% '{p- m,0;0,-m) = c„i 

and such that 

ho T{piiP2]qi,<i2) = 0, 

for all (pi,P2, Q'l, 92) € (Z'^)'* which are not of the form (p — to,0;0,— m) for some m e Z^. Then, 

ll^''^'^ri|L^(A^xA2) <00. 

Let us take f := |pp — |qp and let us estimate \{S^^-'^^Bi_2U^'^\t)^'^'')~{f,p]q)\ from below. We 
first note that the non-zero terms in the contribution to coming from B^^ (i-'S- the first sum) 
occur when n = p, hence, the first sum is only in m. Moreover, it equals: 

E (p- - ^)(-^)(7^-))-(,- ^ O; 0, -.^) = ^ ^t^^M^ e„ 



(p — m){—m) 



Here, we used (|67|) and the construction of 7q . 

Furthermore, when considering (S'*^^'^-'i?i^2 (07o^'')~(^iP ! 9)1 note that the only non-zero 
contribution in the second term in (|66p occurs when q — m — n = q — n = and p = p — q + m. 
In particular, one only obtains the contribution when m — n — (0,0,0). The corresponding term 
equals: 

-<5(f + |pn(p)(7('y(p,0;0,0). 

The latter expression is bounded in absolute value by \\S^'^''^ho'\\L'^{KycK)- From the previous dis- 
cussion, we may conclude that, for f,p,q as above: 

{S('''^B,^,U^^Hth^'Yif,P;q) 



Consequently, we can take the f^r,p:q norm to deduce that: 

||5(l'l'i?i,2Z^('ni)7f IIl^([0,2.]xAxA) > Vh^||5^'''^7f IIl^(A^xA^). 

The Proposition now follows. □ 

It is possible to prove that Proposition 13.11 still holds in the case a = 1 when one is considering 
factorized elements of (We recall the definition of from (f24| ). This result is proved in 
Proposition 15.31 below. Such an estimate, however, is not applicable in the proof of our main result 
since the property of factorization isn't preserved under the Duhamel iteration given in the proof 
of Theorem 11.21 in the next section. 
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4. Proof of the main result 

We are now able to give the proof of our main result. Let us note the following fact: 

Proposition 4.1. Suppose that a > 1 and that r{t) — {'y''{t)) is a solution to 1^ in the class A. 
Then, there exists a continuous, positive function p : M — > M such that, for all t G M, r(r) = 
implies that T{s) — for all s £ [r — p{t),t + p{t)\. 



We notice how Proposition 14. II implies the result: 

Proof, (of Theorem 11.21 assuming Proposition Ol): Let V{t) = {j'^''\t)) be a solution to Let 
S := {t G ]R;r(s) = 0, for alls e [0,^]}. Since G S, S is non-empty. We want to argue that 
sup S = +00, since then T{t) = for all t > 0. In order to prove this, we argue by contradiction. 
Namely, we suppose that t := sup S < +00. We find a sequence (s„) in S such that s„ — >■ t. Since 
the function p constructed in Proposition 14. II is positive and continuous, it follows that there exists 
n sufficiently large such that s„ + p{sn) > t. Namely, we use the fact that s„ + p{s„) — > t + p{t) 
for some p{t) > 0. By Proposition 14.11 it follows that T{s) — for all s G [s„,s„ + p{sn)], which 
contradicts the choice of t. By an analogous argument, it follows that r[t) = for all t < 0. □ 

We now prove Proposition 14. II 

Proof Let us define: B^^'+i) := Ej=i ^j,fc+i(7^''^^^)- Hence, we are looking at r{t) = (t^'^HO) 
which solves, for all k £ N: 

Uda'^'^^ + {As, - Aj, = i?,,fc+i(7^'+'^) = i?('=+i)(7('^-+^)) 
|7W(r) =0. 

We first show that 7^^^*) = for aU t e [t,t + p{t)], for some p{t) which will be determined. As 
in [56], given n S N and t^^i = {ti, . . . , tn+i), we let: 

J(t„+i) := U^'^ti - t2)B^^^U^^\t2 - is) • ■■U^''\tn - i„+i)i3("+iH7'"+'^)(Wi), 

and we let M denote the set of maps /i : {2, . . . , n + 1} — > {1, . . . , n} such that /i(2) = 1 and /i(j) < j 
for all j. Then, we can write: 

where: 

J(t„+i;/i) :=Z^(l)(ii ~ t2)Bi,2W(2)(i2 - t3)S^(3),3 • • • U^''\tn " Wl )S^(n+l) ,„+! (7^"+'^ ) ( Wl ) ■ 

By a repeated application of Duhamel's principle, one can write, for some c G C with |c| = 1: 
7(i'(^i) = c/ / ••• / J(t„+i)di„+i---di3dt2 = 



(68) 



/ ■■•/ J(i„+i; /i)di„+i • • • di3dt2, 

whenever ti > r. 

We recall that the arguments in |56| show that every p, € M can be reduced to a special, upper 
echelon matrix p.^, by a series of appropriate moves. This gives us an equivalence of elements of M. 
If p and ps are equivalent, we denote this as p ^ ps- We omit the details of this construction, but 
we remark that, for every special upper echelon matrix ps, there exists D = D{ps) C [r, ii]" such 
that: 

/ •••/ J {t^^^; p)dtn+i ■ ■ ■ dt:idt2 = j J{t^^^] ps)dtn+i ■ ■ ■ dt:idt2. 

We also remark that the construction is written out in the case t — 0, but the same argument works 
for general r. Finally, it is shown that the number of n x n special upper echelon matrices is at 
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most 4". Strictly speaking, all of these arguments are given on the spatial domain of R'^, but they 
carry over to the case of T'^ without any modifications. 
From the preceding, it follows that we can write 



(70) 



Here ranges over the set of all n x n special upper echelon matrices, and hence there are at most 
4" summands. Let us fix one such /^s. One then obtains: 



D 



L2(AxA) 



For fixed ^2 e [t, ii], we let Aa {(^a, • • • ,^n+i) e [t, ii]""^ (^2,^3, • ■ • , Wi) ^ D}- Hence, since 
5'(i'") and U'^^^h - ^2) commute, it follows that the previous expression equals: 

W^'Kh ~t2){ f S'^''"^Bi,2U^^Ht2 - i3)S^.(3).3 • • • 5M.(n+l),«+l(7^"+'^)(Wl)rfWl ' ' ' dh)dt, 

By Minkowski's inequality, this expression is: 

"U^^\t^ -t2){ I 5(l'")i?i,2Z^(''(t2 - i3)SM.(3),3 • • • SM.(«+l),n+l(7^"+'')(Wl)rfWl ' ' ' ^^3) 



L2(AxA) 



< 



dU 



L^(AxA) 



dU 



L2(AxA) 



which by unitarity of U^^''{t2 — t^) on i^(A x A) equals: 

/ ' / ^^''"^51.2^/(2^^2 -i3)S^.(3),3---S^.(n+l),„+l(7^"+'^)(t„+l)din+l---di3 
Jt JDt2 

Applying Minkowski's inequality again, this expression is: 

< l\l l|5(''"^Sl,2Z^('ni2-i3)BM.(3),3---S,..(n+l),„+l(7("+'^)(in+l)IU-^(AxA)dtn+l^ 
■It JDt^ 

which by the fact that Dt^ C [t, and by Fubini's theorem is: 

< / WS'^^^'^^ Bi^2U'''^\t2 - t3)B,,,(3),3 • • • SA'=(n+l),«+l(7^"^^^)(*«+l)ll 

L^{AxA)dt2dt3 ■ ■ ■ dtn+i 

By the Cauchy-Schwarz inequality in t2, this is: 

< (il-T)3 / ||5(l'")Bi,2Z^(''(i2-t3)S^,(3),3 ■ • • B,.a"+l),«+l(7^"+'^)(^«+l)||L^([..ti]xAxA)t^t3 ' ' ' ^Wl 

Since U^'^^{t2 - ts) = U^'^\t2)U'^'^\-h) , we can use Proposition 13. II to deduce that this is: 

< Ci(ti-r)^ / ||^<''"^Z^('H-i3)B^a3).3---SMa«+l)."+l(7*"'''^)(Wl)l|L^(A2xA^)di3---dWl 

Since 5'^'"^ and U'''^\—t^) commute, and since U'^^^—t^) is unitary on L^(A^ x A'^), this expression 
is: 

- Ci(ti-T)^ / ||5(2'")i3^^(3),3Z^('nt3-i4) • • • SM,(„+l),„+l(7("+'^)(in+l)l|L^(A^xA^)rfi3 ' ' ' dt^+l 

"'[r,ti]"-i 

We iterate this procedure n — 2 more times to deduce that this is: 

(71) < (Ci(ii - t)^)"-i ||5("'")S^,(„+i),„+i(7("+'^)(i«+i)llL^(A"xA")dWi- 
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We now define the function p = p{t) as: 
(72) 

where we recall that Ci is the constant from Proposition 13.11 and a, f are as in ([8]) . Since a, f are 
continuous and positive functions, so is p. Moreover, we choose ti such that: 

(73) e [t,t + p(t)]. 

Consequently, by the construction of p, and by the assumption ([5]), it follows that the expression in 
dZH) is: 

(74) < (Ci(p(r))5)«-i/«+i(r) ^ [Ci/(r)(p(r))^]"- V'(r). 
We use ((TO)) . ([74]) and the triangle inequality to deduce that: 

(75) ||7^''(ti)llL^(AxA) < 4"[Ci/(r)(p(r))^]"-V'(r) = 4[4Ci/(r)(p(r))^]"- V'(r). 
By it follows that 4Ci/(T)(p(t))^ < i, hence by (I7S|), one has: 

||7('Hii)IU^(AxA)<4(i)"-V'(r). 

We let n — cx) to deduce that j^^\ti) — for ah ti e [t, r + p(t)]. 

We observe that an analogous argument shows that for all /c G N, one has 7('=H^i) = for all 

ti £ [t,t + p{t)]. The same argument also shows that for all k & N, one has 7^'^^(ii) = for all 

ii e [r-p(r),r]. □ 

5. Properties of the factorized solution and the proof of Theorem 11.31 

In this section, we study the factorized solutions to ([2|) in more detail and we present the proof 
of Theorem [LH Let I — [to — T, to + T]. Let us consider (p such that: 



(76) 



j idtcj) + A(j)= on A X / 

We are also assuming that the length |/| of the interval / satisfies: 



(77) |/| < 1. 

The factorized solution r(i) = {-f^''\t)) is given by: 7^=) := \(f)) {(p\'^'' (t) . Hence: 

k 

(78) 7^'^ it, xV:xl) = n '^(*' 

i=i 

We remark that the proof of the analogue of Theorem 1 1.31 in the non-periodic setting in the work 
of Klainerman and Machedon [56] is based on the use of Strichartz estimates on K^. Since we are 
working on T^, we can't use all of the Strichartz estimates which one needs to use on M.^. One 
can apply the periodic Strichartz estimates as in ^Q\, but in doing so, one ends up losing a certain 
number of derivatives which, in turn, require additional regularity on the initial data. Instead of 
taking this approach, we use the critical function spaces which don't require us to assume additional 
regularity on the initial data. In fact, we only need to assume that the initial data lies in i/^(A), 
the natural space associated to the energy. On the other hand, the critical function spaces will have 
the feature that one has to look at the time of local existence which isn't immediately related to a 
conserved quantity of the equation. 

In the proof of Theorem ll.31 we will need to use the following local-in-time bound: 
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Proposition 5.1. (1) Given a > 1 and -00 G if"(A) and to G R; there exists T — T{tQ) > 
and a unique function ijj G Cui[tQ - T{to),to + T{ta)]; H"{A)) f] X'^ilto - T{ta),to +T{tQ)]) 
which solves: 



(79) 



I iStV + AV- = on A X [to - r(to), to + ^(to)] 

(2) Furthermore, the function T : M — > K can be chosen to be continuous. 

(3) Finally, there exists a constant C3 > 0, independent of to, such that: 

(80) l!V'llx°([to-T(to),to+T(to)]) < CsWi^oWns 
and 

(81) ||V'l|L°°([to-T(to),to+T(to)];-ff°) < C's || V'O || ffj ■ 

Except for the step concerning the continuity of T, the proof of Proposition 15 . II is very similar to 
the proof of Theorem 1.1 in [50 , with some minor modifications since we are considering the cubic 
nonhnearity instead of the quintic one. For completeness, we present the proof of Proposition 15.11 
in Appendix A. We note that, by uniqueness, on the appropriate time interval, one has that ip = 4>, 
where is the solution to (|117p . To be more precise, let us without loss of generality consider the 
case when to = and we look at non-negative times. We recall that Bourgain [10] obtains that 
F{u) — 6**'^$ — i Jq e^^*^'^''^\u\'^u{T)dT is a contraction in a space _B"([0,T]), with norm given by: 

(82) |||w||| ;= sup(i^ + l)3(Ar + i)"( /" \u{£_,T)\^d£_dT)K 

K,N J\i\-^N,\T-\i\^\^K 

In the corresponding class, it is shown that the local solutions are unique (we remark that the 
standard X^'^ class is insufficient for uniqueness of solutions, see remark {ii) at the end of section 
5 of [TU]). The point is that we can now consider to be a contraction on: 

B"([0,T]) n C„([0,T];i?"(A)) nX"([0,T]). 

(by possibly making T smaller; later we put all the small time intervals together). By the uniqueness 
part of Proposition 15.11 and by the uniqueness part of the result in [10] , the fact that (j> = tp now 
follows. We can hence view Proposition 15. II as a result which tells us additional local properties of 
the solutions to the NLS. 

The main point is that we can now define: 

(83) cr(t) :==min{r(t),l}. 

By construction, tr is a positive continuous function. Furthermore, the following bound holds: 

(84) ||0||x°([t-^(t),t+CT(t)]) < C'3||(/>(t)||j^o(A). 

Having summarized these facts, we can prove Theorem 11.31 

Proof, (of Theorem II. 3p Let to € M be given. We write / = [to — cr(to),to + cr(to)]. We note that / 
has length at most 2 by (|83|) . Let us without loss of generality consider the case when j — 1 and 
when we are considering the expression _B^^^-^5^'^+^'"-'7^'^^^-'. The estimate for the other indices j, 
as well as for the terms coming from B-,^^^S'^''+'^^°''^j'-''+'^'^ follow in a similar manner. We note that 

by m, 

k+1 fe+1 

s^'--^Bi,^,j^'^+'\xv,xi) = [D^m'M^i) n(^"<^)(^^-) n(^"<^)(^^)- 

Consequently: 

/ ||5(^-'"'i?lVl7^'^"(i)llL^(A'»xA^)dt = P?(l0P0)llL;L^(/xA)P?0llii+i.(,xA) 
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By ([77)1 and by applying the Cauchy-Schwarz inequality in t, and the fact that the length of the 
interval / is of length 0(1), this expression is bounded by: 

(85) < mm'mL^Liii>cA)mf^ii,Hsy 

By ([5T|l from Proposition l5.ll we obtain: 

(86) Mf^ii;Hs) ^ {C3\mo)\\Hsr^'. 

We need to estimate ||D"(|(^p(^)||i2(jxA)- We dyadically decompose the factors, i.e. for 0i, 02, (/"a G 
{(j), (j)}, and for TVi > 7V2 > iVa > 1, we consider: 

(87) \\D'^{PN^(biPNA2PNM\\LmxA)- 

One has to consider several cases. Our argument is similar to the proof of Proposition 4.1 in |50) . 
Case 1: Ni > N2: 

In this case, we estimate the expression ([57| by duality. We fix u e L'^{I x A) such that 
||w||l2(/xA) = 1- We know that the Fourier transform in space of PNi4>iPN24>2PNi4>z has support in 
1^1 - Nl. Hence: 

j j u D''^{PN^(t)iPN2(t>2PN3h) dxdt = 



j j Pno u {Pn^ 01 Pn^ (j)2 Pns 03 ) dxdt ■ 



for some No ^ Nl. It follows that the contribution to J := | ulJ^d 0^0) dxdt | coming from 
this case is: 

< J2 I / / PNoUD^{PN,(l)lPN2hPN,(p3)dxdt\ 

Which by applying the Cauchy-Schwarz inequality on / x A is: 

< X! \\PN„u\\L^Iy:A)\\DxiPNi(plPN2(t>2PN3<p3)\\L^(IxA) 

By dyadic localization, we can bound this by: 

^ Yl \\PNoU\\LmxA)K\\{PN,<l)lPN2hPN3'l^3)\\LmxA) 

Ao,...,A3;Ao~Ai,Ai>A2>A3 

By using ([38)) and the dyadic localization, this expression is: 

N 1 ^ 

< E |!PAo^^|iL^(/xA)^riV2iV3max{-^,— }^[]||Pjv,0,||yo(/) 

Ao,...,A3;Ao~Ai,Ai>A2>A3 ^ ^ ^^^^ 

^ 2^ II^Aow||l2(/xA) max{ — ,— } ||PAi0i||Y-(/)||PA202|lyi(/)||PA303|lyi(/) 

Ao,...,A3;Ao~Ai,Ai>A2>A3 ^ ^ 

which since iV2 > N3 is: 

T ) V 7y / ' i i 

Ao....,A3;Ao~Ai,Ai»A2>A3 ' ^ ^ N^ N^ 

;$ 2^ ((^)' (^)'+ — — jl|PiVo^^llL2(/xA) ||PAri0i||y»(/)||PAr202||yi(/)||PAr303||Fi(/) 

Ao,...,A3;Ao~Ai,Ai>A2>A3 ^ ^ ^'"2' N^ 



^ II^Vow||l2(7xA) max{(-^)^(— ^)^— — }*|jPjVi0i|!y»(/)||PA202||yi(/)||PA303||ri(/) 

^ ' iVl iVl "^■^'^ "^■^'^ 
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We apply the Cauchy-Schwarz inequality in N2 and N^^ to deduce that this expression is: 
^ X! ll-PwoW|U"(/xA)||-PjVi0i||y°(/)||02||yi(/)||(?!'3||yi(/)- 

No,Ni-No^Ni 

Finally, we apply the Cauchy-Schwarz inequality in A'o ^ Ni to deduce that this sum is: 

< ||w||L2(/xA)||0l||F"(/)||02||yi(/)||03||yi(/)- 

Consequently, the contribution to J from Case 1 is: 

(88) < ||0i||y=(/)||(/'2||yi(/)||03l|yi(/)- 

Case 2: iVi - N2: 

In this case, we again use dyadic localization and (|38l) to deduce that: 

X! l|-D"(-PiVi'/'l-PA'2 02fW3</'3)||L2(/xA) 

3 

< Y. iVf7V2A^3max{^,^}^-n||P^^.0,||yo(,) 

Nl.N2:N3;Nir^N2>N3 ^ ^ j = l 

-^3 1 

< 2^ max{ — ,— } ||PAr,0i||y<.(/)||PjV2^2||yi(/)||PAr303||yi(7) 
JVi,iV2,Af3;Afi~JV2>A'3 ^ ^ 

Since Ni ^ N2, we note that ]^ ^ ^7 hence the above sum is: 

< N'^N2N:,{^Y\\PNM\Y^iI)\\PNA2\\Y^iI)\\PNM\Y^iI) 
Ni,N2.N3:Ni~N2>N3 ^ 

By the Cauchy-Schwarz inequality in N3, this expression is: 

^ X! II^Afi</'i||y"(/)II^A'202||yi(/)||03||yi(/) 
Afi,Ar2;-'Vi~-'V2 

Furthermore, by the Cauchy-Schwarz inequality in A^i N2, this is: 

(89) < ||</'i||y»(/)||02||yi(7)||<^3||yM/)- 



From (|88)) . (|89l) . and the fact that the norm is invariant under complex conjugates, it follows 
that: 

(90) p^(i0p</>)iu2(,xA) < mYHimYHi) < mUiy 

In the last step, we used (IMl) and the fact that a > 1. By (|84l) . the above expression is: 

(91) <{C3mto)\\Hsf. 

where C3 > is the constant from Proposition 15.11 By ([55)) and (|9ip . it follows that we can take 
f{t) := C\\cj){t)\\jjc , with appropriate C > and for a as defined in (l83l) . Then / is a positive 
and continuous function by Proposition 15.11 and the spacetime bound (|8]) holds for the factorized 
solution r{t) = (|<?!))(0|®'=(t)). □ 

By (|90p . we note the following bound: 

Corollary 5.2. M^if/i notation as above: 
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If one considers factorized solutions, we can prove that the bound in Proposition 13. II holds when 
a = I. We note that this case is easier since we have more structure than for general fc-particle 
densities. It is not obvious how to apply this result to the uniqueness statement for the Gross- 
Pitaevskii hierarchy since the property of factorization is not preserved under the iterated Duhamel 
expansion ((69|) . 



Proposition 5.3. Suppose that a > 1 and that cjjQ G i7"(A). Let 7q"'' :— |0o)(0oP" '^i^d let I 
be a time interval of length 0{1). Then, there exists C > such that for all k N and for all 
j G {1, . . . , fc + 1}, the following bound holds: 

(92) ||5('=-")S,,,+iW('=+i)(<)7r'^llr^(/xA'=xA'=) < C||^^'+''"^7r'^llL^(A'=+ixA^+i). 

Proof. As in previous arguments, it suffices to prove the claim for B^f,^^ instead of Bj.fc+i- In 
addition, one can assume, without loss of generality that j — 1. As was noted in the proof of 
Theorem O 

(93) ll^'''")SiVi^''^"(<)7r'^llL^(/xA'=xA'^) < CUori^4Mm. 
On the other hand, we also know that; 

(94) l|5('+^'")7r'^L^(A'=+^xA'=+M = UoWl^^'- 

Since a > 1, ([Ml) and ([Ml) imply the claim. □ 

6. Appendix A: Proof of Proposition 15JJ 



In this Appendix, we prove the local-in-timc result given in Proposition 15.11 For simplicity of 
notation, let us assume without loss of generality that t^ = 0. We just need to keep in mind that the 
implied constants depend on conserved quantities for the NLS (i.e. they are decreasing functions of 
the norm of the solution). 

Let us write the Duhamel term as: 

(95) T^ifm-.^ f\^('-^^^f{T)dT. 

Jo 

A key tool in our proof will be the following: 
Lemma 6.1. For a > 1, and for / C M, a time interval of length 0{1), one has: 

3 3 3 

(96) ml[uk)\\x^ii)<Y.\\''^\\x-in n \\^>^\\xHi), 

k=l j=l k=l;k^j 

where Uk denotes either Uk oruk- The implied constant doesn't depend on the length of the interval. 

We note that there is no power of the length of the time interval in the above estimate. The 
quintilinear version of Lemma l6. II was proved as Proposition 4.1 in [50 . The proof of Lemma l6.ll 
proceeds in a similar way, and is based on a duality argument and the use of the good decay factor 

of max ^ 1 "/^ f obtained in (|551) . We will omit the details and refer the reader to [SU] . 
We now prove Proposition [5111 

Proof, (of Proposition 15. ip It suffices to consider non-zero solutions u, since the claim holds in the 
case of the zero solution. By time translation, let us consider the case to = 0. 

1: Small data: 

Since a > 1, it follows from Lemma |6T] that: 

\\V{\u\^u - \v\^v)\\x-^{[o,T]) < C(lkll|o([o,T]) + ll«lll=([o,r]))lk ~ w|U"([o,t]), 
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whenever m,u e X"([0,r]). Given e,S > 0, we consider: 

Be :={/eif"(A);||/||H« <e}. 
Ds := {u e X"{[0,T]) n a([0,r];i/"(A)); h||x"([o,T]) < S}. 
We note that Ds is complete with respect to the metric in X"([0,r]). Let us denote: 

Lif) :=e**^/,7VLH -.^ -zV{\u\^u). 
For fixed / S -Be, we want to solve: 

(97) u = F{u):^L{f)+NL{u). 

by using the contraction mapping principle in Ds, with / G i?e- By (|33p and Lemma l6. 11 it follows 
that, for u £ Ds: 

\\L{f) + NL{u)\\x^i[0,T]) < Ile'*^/|U=([0,T]) + ||I?(|wpZi)||x"([O.T]) < Il/|U=(A) + ch|l^.([o,T]) 

(98) <e + cd^ <d 
if we take: 

2' (8c) ^ 

We also need to show that F maps Ds into C„([0, T]; _ff"(A)). Let us first note that, since / G -ff"(A): 

(99) L(/) = e"^/eC4[0,r];iJ"(A)). 
We now show that NL{u) e C„([0, T]; iJ"(A)). For k > 0, one has: 

NL{u){t + K)-NL{u){t)^ / e*(*+«-^)^(|u|2u)(r)dr- / e*(*-^)^(|u|2u)(r)dr 
e'(*+«-^)^(|u|2u)(r)dr+ ( e*(*-^)^((|u|2u)(r + k) - (|u|2u)(r))dr 

"'0 

Now, by using the Cauchy-Schwarz inequality in t and the unitarity of e**"^ on H°'{A), we note that 
for u G Ds'- 

which by ^ is: 

(100) <«i||u||3^„^j^^^j^ <^l53^ 

Furthermore, 

e^(*-)^((|upz.)(r+«)-(|z.pz.)(r))rfr|U^([o,T];i/=(A)) <|| T e'(*-^)^((|^.p..)(r+K)-(|«p«)(r))rfr|U=([o,T]) 

Jo 

which by Lemma |6. H is: 

(101) < l|w|l^°([0,T])lk(- + k) - u|Uc([o,T])- 

Here • + k denotes translation in time. We now show that: 

(102) ||u(- + k) ~ u|| jfc,([o,T]) -> 0, as K 0. 
Let us fix w G Y-°'{[0,T]) with ||w||y-=([o,T]) < 1- We note that: 

n{u{t + K,x) ~ u{t, x))v{t, x)dxdt\ 
which by using the Cauchy-Schwarz inequality. Holder's inequality, and (|35p is: 

< ||u(- + K)-u|lLoo([o,T];_H°(A))||w||Li([0,T];ff-°(A)) < T\\u{- + K)-u\\L^(^[o,T];H''iA))\\v\\L°°{[0,T];H-''{A)) 
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< T\\u{- + k) - M||L~([0,T];H°(A))lkllY-°([0,T]) 

< T\\u{- + k)- u||L~([o,T];_f/°(A)) ^- 0, asK ^ 0. 
since, by assumption u £ C„([0, T]; i7-"(A)). (fTU^ now follows by 

Combining (fTUO)) . ([TUT|) . and pfel) . it follows that ||iVL(M)(i + k) - iVL(u)(t)||ioo([o,T];ffc.(A) -> 
as K — > 0+. An analogous proof shows that \\NL{u){t + k) — Af-^(u)(i)||2,oo([o,T];//°(A) — > as 
K — > 0— . We use this fact together with (|99p to deduce that: 

(103) F : Ds^Cui[0,T];H''{A)). 

From dMl) and it follows that F maps Dg into itself. 

Furthermore: 

||iVi(u) - A^L(v)|U°([0,T]) < c(||u||x°([0,T]) + I|w||x"([0,T]))^I|m- w||x"([0,T]) < C4(5^llu- w||x = ([0,T]) 

< 4c • - w||x°([o,T]) ^ ^11" - ^^llx°([o,T])- 
Hence, we obtain a fixed point for F(u) in Ds. 

2: Large data: 

Let r > and iV > 1 be given. We suppose that < e < tq < ?' and < 6 < R. Here, rg > is 
a fixed, small constant, and e, (5 are as before. We consider the sets: 

B,,r {/ e i?"(A); ||/>jv|k"(A) < e, ll/lk=(A) < r} 

and 

i?5,fl,T {u e X"([0, T]) n C„([0, T]; i?"(A)); ||u>jv|U=([o,Tl) < h|U"([o,T]) < i?}- 
Let us consider / g i?e.r. Then: 

II mf) + NL{u)]yN\\x'-{lo,T]) < II [i(/)]>Jv||x°([o,T]) + II [A^i(w)]>jv||x°([o,T]) 

(104) <e+||[iVL(w)]>jv||x=([o,T])- 
Here, we used (|33|) . 

We write |upu = |M<Ar+w>Arp(w<A'+M>Ar), and so: NL{u) = NLi{u<n, u^n)+NL2{u<n, u>Ar), 
where NLi is at least quadratic in u^n, and iVL2 is quadratic in u<n- By using Lemma 16.11 it 
follows that: 

(105) \\NLiiu<N,U>N)\\xH[Q,T]) < cS^R- 

In estimating NL2, we use (|37p and we use the Fractional Leibniz rule to consider separately when 
the a derivatives fall on the high frequencies and on the low frequencies. From Holder's inequality, 
we deduce that: 

||7VL2('"<Ar,'U>Ar)||x=([0,T]) < ^1 ||M||Loc([o,T];ff°(A)) ||w<Ar||^2([o,T];L~(A)) 
+Ci7V"||u||Loo([o,T];L6(A))||w<Ar||i2([o,T];L6(A))- 

Let us note that by the Cauchy-Schwarz inequality, we obtain: 

(106) ||ffM||L~(A) < M^||gA/||L2(A) M^WguWrniA)- 

■^Strictly speaking, here we are also using the fact that u can be written as the restriction to [0, T] of a function in 
Cu{J', (A)) for some interval J which properly contains [0, T], for example by letting it be equal to the constant 
at the appropriate endpoints outside of [0, T]. 
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Moreover, by using the fact that ||.gM||L6(A) < 1 1. 9 Af 1 1 1,2 1 1. 9m |||,oo(a)7 it fohows that: 

(107) \\9m\\lb(A) ^ M\\gM\\L-^(A) ^ II.9a/||hi(A)- 
We use the Cauchy-Schwarz inequahty in time and ()106p to deduce that: 

II"<A'IIl2([0,T];L°°(A)) <T^\\u<n\\l°°{[0,T]:L^{A)) ^ ^ \\uai\\l°°{[o.t]-,L°°{A)) 

MG2'*-M<N 

(108) <T^ J2 Mi\\uM\\L^i[o,T];miA))<TiNi\\u<N\\xmo.T])- 

Me2^';M<N 

For the last inequahty, we use the fact that X/Me2" A/<7V 

Similarly, we can use the Cauchy-Schwarz inequality in time and (I107P to deduce that: 

\\u<n\\l2{[0,T];L<^{A)) < 7"^II"<Jv||l°°([0,T];L6(A)) < T2 ^ |kA/||L°^([0,T];L6(A)) 

Afe2'';A/<Af 

^ ||'"Af |iL = ([0,T];ffi(A)) ^ ^2 ^ \\u\\l°°{[0,T];H^A)) 
Af(E2";A/<JV Af62'«;Af<Ar 

(109) < T57V"+||u|Uo.([o,T];ffi(A)) < T^N°+\\u\\xmo,T])- 

Here, we have used the fact that the number of dyadic integers M such that Af < iV is 0{logN) = 
0{N°+). 

On the other hand, by similar arguments: 
By using (fT09| and (fTOSj) . it follows that: 

(110) \\NL2{U<N, U>JV)|U"([0,T]) < C2^"+Ti?3. 

We argue analogously as in the proof of (|105p to deduce that: 

(111) \\NLi{u<N,UyN)N - NLi{v<N,V>N)\\x''ilO,T]) < C3SR\\u-v\\x<^{lo,T])- 

Here, it is crucial to use the fact that: u>n — v>n — {u — v)>]s[ and u^n — v^n = (u — v)yN. 
Similarly, we use an analogous argument as for (jllOp to deduce that: 

(112) \\NL2{u<N,UyN)N - N L2{v<N ,VyN)\\x-'([o,T]) < CiN^+TR^Wu - v\\xo.{[q^t])- 

Let us now take C to be the maximum of c, Cj. For fixed / G -Bf.r, we consider the map 
F{u) := L{f) + NL{u). For fixed r, iV > 0, we take the following choice of parameters: 

1 (5 5 

(113) ^:=2r,(5:= — — ,e:= -,r:== — — — -. 
^ ' AiR 2 A2N°'+R^ 

The constants Ai,A2 > are chosen such that: 

^ ' Ai A2- 2 

C CI 
^^^^^ 4lf^ 4AiA2r2 - 2 



(116) - + T^nrza < 



£_ C 1 
'M ^ ^AiA2rl - 2' 

Here, C and tq are the positive constants defined above. 

By using the previous choice of parameters, it follows that, for m, w G Bs^r^t, one has: 
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(1) (The high frequency part of F{u) satisfies the appropriate bound) 

ll[^(")]>A'l!x=([o,T]) < l|[i(/)]>Jv||A-([o,T]) + \\[NL{u)\\x.ao,T]) < c + CS^ R + C N'^+T < S. 

Here, we used PTO)) . as weh as pUS)) and ([TTU)) . 

(2) {F{u) satisfies the appropriate bound) 

\\Fiu)\\x.ao,T]) < \\L{f)\\xHlo,T]) + \\NLiu)\\x^iio.T]) < r + CS^R + CN^+TR" < R. 

(3) Arguing as in the small data case, we show that F maps Bs.r.t into C„([0, T]; iJ"(A)). 

(4) {F is a contraction on Bs h^t) 

\\F{u)-F{v)\\x^i^[^^T]) = \\NL{u)-NL{v)\\x^i[o,T]) < {CSR+CN''+TR^)\\u^v\\x^([o.t]) < l\\u^v\\x-i[o.T])- 
Therefore, F : Dsm.t ~^ F)s ji t is a contraction, and hence it has a unique fixed point in Dgj^ T- 

3: Uniqueness in X"([0, T]) n C„([0, T]; iJ"(A)) 

Suppose that u,w e X"([0, T]) n C„([0, T]; iJ"(A)) solve: 



(117) 



(118) 



iut + Au = Iwpii, on A X [0,T] 
u\t=o = 00 e ^f"(A). 

\ivt + Aw = \v\'^v, on A x [0,r] 
l?/|t=o = 0oei/"(A). 



We let r > ro > be given. We then define e,6,R as in (|113p . Furthermore we choose > 1 
sufficiently large such that 0o G B^ r and u,v G Ds^r. 

We then make T possibly smaller such that T < ^^jyi+^s ■ By Part 2, it follows that m = u on 
the time interval [0,r]. Uniqueness now follows. 

4: Construction of T as a function of time: 

We note from earlier that there exists Ti : R — R, which is positive such that for all < € IR, one 
has: 



(119) llw|lx"([t-Ti(t),t+Ti(t)]) < 2||w(t)||fl-=(A). 

By construction, T depends on the frequency parameter N given in Step 2, which we can't control 
by the energy. We also note that Ti is not necessarily continuous. 

We first observe that we can modify Ti so that, locally in t, it is uniformly bounded away from 
zero and such that an inequality similar to (|119p holds. More precisely, we show that there exists 
fa : R R such that, for all t e M: 



(120) ||w|lx"([t-f2(t),t+f2(t)]) ^ 3||M(t)||ff=(A). 

(121) There exist S{t),r{t) > such that fa > r{t) on [t - 5{t), t + S(t)]. 

We construct T2 from Ti. If Ti has no zero limit points, i.e. there doesn't exist too G K and a 
sequence t„ — >■ ioo in M such that fi(t„) — >■ 0, we can just take fa := fi. If, on the other hand, 
there exists such a too, we note by the continuity of 1 1— >■ ||w(t)||ffa(A) that there exists Too > such 
that: 

2 

(122) ||M(t)||//a(A) > 2ll"(ioo)|l_H-"(A),fort E [too - Too •) too '^00 I ■ 
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We can choose Tqc so that: 

(123) Too < Ti(t^). 

By construction of Ti, we note that, for t G [too ~ ''"ooi ^oo + ''oo]j one has: 

[t - ('fi(too) - Too),t+ (Tl(too) - Too)] Q [too - fi{too),too + ^1(^00)], 

and hence: 

< 2h(<oo)||Hc,(A) < 3\\u{t)\\H^(^A). 

Thus, for t e [too — Too, too + Too], we can take: 

f2(t) := max{fi(t),fi(too) - Too}. 

By construction, T2 doesn't have a zero hmit at too- If ?2 constructed this way has no hmit points, 
we are done. Otherwise, we repeat the procedure. We note that the function T2 wc obtain in the end 
might take the value +00, hence we have to replace T2 by min{T2, 1}. Such a function T2 : M H> M 
will be positive and will satisfy (I120p and (|121l) . 

We now construct the function T. Let us construct T on [0, +00). An analogous argument works 
on (— cx),0]. Let's start at time t = 0. By continuity of t ||u(t)|j//c(A) , there exists kq € (0,^T2(0)] 
such that: 

lkWlk"(A) > ^1I"(o)1Ih=(a). 

Consequently, for t € [0, kq]: 

ll'"llx"([t-(T2(0)-t),t+(f2(0)-t)]) ^ Il"lljf°([-f2(0),f2(0)] ^ 3||u(0)||h»(A) < 6||M(t)|l_ffa(A). 

We want: 

(124) < r(t) < f2(0) - t, fort e [0,Ko]. 

We continue the construction inductively. Namely, given k„, for some n > 0, we construct a maximal 
Kn+i which satisfies: 

(125) Kn+l < Kn +T2(k„). 

and 

(126) ||u(t)||H»(A) > il|-u(K„)|jH=(A),fort e [k„,k„+i]. 
An analogous argument as above shows that, for t G [k„, k„-|-i], one has: 

ll'"lix°([t-(f2(K„)-(t-K„)),t+(f2(K„)-(t-K„))] ^ 6||u(t)||H°(A). 

Hence, we want: 

(127) < T(t) < f2(K„) - (t - K„), fori e [««, 'tn+i]. 

Let Koo '■— limK„. We can construct T : [0, Koo) ^ K which is positive and continuous that satisfies 
(|124p and (|127p . Namely, we just note that the upper bounds are piecewise linear positive functions 
of slope —1. We want to argue that Koo — +00. 

We argue by contradiction. In other words, we suppose that k„ — > k e M. We know by 
construction that T2 is bounded away from zero near Koo. Hence, for sufficiently large n, one has: 

1 ~ 

Kn+l < Kn + -^T2[Kn+l)- 

Thus, by (|125p and (|126p . it follows that, for n sufficiently large, one has: 

1I"(««+i)||h=(A) ^ll"('«n)ll//°(A). 

Namely, we note that equality can't hold in ()125p . Consequently, l|u(Koo)l|_f/°(A) = 0, hence m(koo) — 
0. It follows by uniqueness of solutions to the nonlinear Schrodinger equation that u = 0. This is a 
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contradiction. Hence, T can indeed be defined on all of [0, +00). We finally note that (ISTj) follows 
from pit- 

□ 
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